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Chapter 1
Introduction
1.1 Prologue
The present Thesis aims to explore the effects caused by the presence of Grassmann numbers in two different
frameworks, purely fermionic σ–models and fluid/gravity correspondence; they are both derived from one
of the most important achievements in theoretical physics of the last few decades, theAdS/CFT correspon-
dence.
The first analysis we present deals with fermionic σ–models constructed by means of purely fermionic
coset spaces, namely we consider models with anticommuting target–space fields only. We notice that the
Grassmanian behaviour of the fields implies several simplifications when we derive the action and the radia-
tive corrections, however it provides obstructions to some supercoordinates transformations.
In the second part of this Thesis we deal with a particular limit ofAdS/CFT correspondence. It is named
fluid/gravity correspondence for it permits to describe the hydrodynamics of a strongly–coupled fluids from
an analysis of black hole solutions in pure gravity. We extend the correspondence by considering supergravity
theories in the bulk and computing the black hole superpartners. More in detail, we dress a pure bosonic
solution with contributions obtained from acting with a particular supersymmetry transformation on the
black hole. The resulting metric is a black hole solution of the supergravity equations of motion and its
associated charges and entropy depend upon Grassmann numbers. Moreover by fluid/gravity techniques we
find that also the fluid dynamics parameters, such as the temperature and the velocity, are in general affected
by Grassmann numbers.
Since the modified quantities are bosonic, Grassmann numbers appear in the corrections in terms of
bilinears. The interpretation of the fermionic bilinears contribution is delicate. To evaluate them, in this
work we adopt the approach used in computing –for instance– fermionic condensates, namely we consider
their vacuum expectation value.
1.2 T–duality
T–duality is a transformation of non–linear sigma models which connects different geometries of the target
space leaving the partition function invariant [1]. As a first example, we consider a bosonic string which
propagates in a spacetime with one dimension compactified on a circle of radius R. The spectrum of the
model is then invariant under the target space transformation which maps the radius of compactification R
to its inverse 1R . In addition to this simple case, T–duality plays a key roˆle in string theory by proving the
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equivalence between different superstring models.
It was shown [2] that the AdS5 × S5 background of superstring theory is invariant under the combined
action of bosonic T–duality and a similar transformation applied to a part of the fermionic superstring co-
ordinates, which is then called fermionic T–duality. This invariance turns out to be the reason causing the
emergence of the dual superconformal symmetry of scattering amplitudes in N = 4 super Yang–Mills.
In [3], the author pointed out that there exists an interesting limit where theAdS5×S5 pure spinor string
model shows a decoupling between the fermionic and bosonic coordinates. In particular, in that limit, the
model appears to be purely fermionic and it can be viewed as a coset sigma model (obtained by a gauged
linear sigma model) based on a fermionic coset. The latter is naturally obtained by dividing with respect to
the complete bosonic subgroup.
Motivated by these results, we study the interplay between the fermionic T–duality and the radiative cor-
rections to the sigma models. Our work is a preliminary account on these problems and we clarify some
issues both at the theoretical level (determination of the T-dual models) and at the computational level (ra-
diative corrections at higher loops).
We first review the T–duality for generic σ-models [1, 4] and we extend it to supersymmetric models
with target–space spinors. This is the way to embrace the Green-Schwarz formalism for string theory, p-
branes and the pure spinor string theory. The presence of target space spinors allows us to consider generic
super-isometries which encompass the fermionic T-duality [2, 5].1
The first issues we encounter are the obstructions for constructing the T-dual models in the case of superi-
sometries. Indeed, the Grassmannian nature of the spinorial variables implies that some coordinate changes
appear to be either trivial (redefinition by an overall constants) or impossible. That prevents us from finding
the holonomy bases where the super-isometry appears as a shift in the fermionic coordinates. In addition,
the gauging procedure which is a well-paved way to perform the T-duality for σ-models gets obstructed by
non-invertible fermionic matrices. We review those problems and in particular we adopt a recently discussed
simple model [3] as a playground.
We consider generalizations and simplifications of the example in [3] and in particular we take into
account models based on theOSp(n|m) supergroup [15]. In those coset models the super-isometries are non-
abelian (they close on the bosonic subgroup) and they are realized non-linearly [16]. For these two reasons,
the usual gauging procedure cannot be performed. These issues are discussed for genericOSp(n|m) models
and, in particular, we study the simplest one, namely OSp(1|2), which already exhibits such characteristics.
We first convert the non-linear symmetries into linear ones by introducing additional bosonic coordinates
to the σ-model. In the simplest case, namely OSp(1|2), this can be easily done by adding a single bosonic
coordinate constrained by a quadratic algebraic equation. That equation is invariant under the action of the
isometries which are linearly represented. In this way, the σ-model can be easily written and the gauging
procedure can be employed. Since the superisometries are non-abelian, we use the construction provided
by [17, 18] and we introduce the gauge fields for all isometries. Then, a two-step process leads us to a dual
model which contains the dual fermionic coordinates, a dual bosonic field (which appears to be dynamical
in the dual model) and a ghost field associated to the gauge fixing of the local isometries. Therefore, we
have bypassed the obstructions encountered in the theoretical analysis of T-dualities and we provided a dual
lagrangian.
For a generic model, this procedure can be also applied with technical difficulties. The first one is to
discover the correct set of bosonic coordinates to implement the superisometries as linear representations.
The second step is finding suitable algebraic constraints (a similar procedure as the construction of the Plu¨cker
1 See also the new developments in [6, 7, 8, 9, 10, 11, 12, 13, 14].
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relations in projective geometry). Finally, a conventional gauging procedure can be applied and the gauge
fields integrated. However, we notice that the gauge fixing procedure suggested in [17] leads to a cumbersome
action which turns out not to be very useful for loop computations. On the other side, a clever gauge choice
yields remarkable simplifications and a good starting point for loop computations.
At the quantum level we compute the one–loop and two–loop corrections to the action and we check the
conformal invariance up to that order. This is a preliminary account on the problem of conformal invariance
of σ-models based on orthosymplectic groups OSp(n|m). Indeed, even though there is a fairly amount of
literature on the PSU -type of supergroups and the conformal invariance of their σ-models, there is no proof
based on the orthosymplectic ones. A related problem is checking the T-duality at the quantum level as
pointed out in a series of papers [19, 20, 21, 22], but at the moment no check for fermionic T-duality has
been done.
In [23], for the first time, the analysis of σ-models on supermanifolds has been performed. It has been
observed that for some supermanifolds viewed as supergroup manifolds, the vanishing of the dual Coxeter
number (or the quadratic Casimir in a given representation) might lead to a conformal invariant theory. In
[24], the renormalization of Principal Chiral Model on PSL(n|n) is studied. They assert the conformal
invariance of the model by looking at one-loop and by using symmetry arguments (based on Background
Field Method BFM) for higher loops. They also discuss the presence of WZ terms and how does the con-
formal invariance depend upon it. In paper [25], the σ-model based on AdS2 × S2 is discussed using the
hybrid formalism for superstrings. It has been shown by explicit computation that the one–loop beta function
vanishes because of the vanishing of the dual Coxeter number. A discussion about the vanishing of the beta
function depending on the structure of the coset is given. In the same paper, for the first time the WZ term is
written as a quadratic term in the worldsheet currents. In paper [26], the proof of the conformal invariance
to all orders in the case of AdS3 × S3 ×CY2 is provided. It is discussed how the proof can be implemented
to all orders. They refer to the situation of the supergroups U(n|n). In paper [27], the models based on
supersphere OSp(2n + m|2n)/OSp(2n + m − 1|2n) ∼ S2n+m−1|2n+m and the superprojective spaces
U(n + m|n)/U(1) × U(n + m − 1|n) ∼ CPn+m−1|n are considered. In particular, they claim: “In most
cases (in a suitable range for m, and for n sufficiently large), the beta function for the coupling in the non-
linear σ-model is non–zero, and there is a single non–trivial renormalization-group (RG) fixed-point theory
for each model.” Other discussions can be found in [28, 29].
Recently, the regained interested into AdS4×X models [30, 31, 32, 33, 34] brought the attention on the
conformal invariance of those models. Here, we extend the computation in a specific limit of fermionic coset
models and we found that up to two loops the condition on the target manifold for being a super-Calabi-Yau
seems to be sufficient for the conformal invariance. In addition, we explored the dual models and we discover
that they have the same type of unique interaction terms leading to the same loop computations.
From the technical point of view, we adopt two methods for computation: 1) we expand the action around
a trivial vacuum and we perform the computation at one–loop, 2) we use the Background Field Method to
expand the action around a non-trivial background and we compute the corrections at two-loops. A complete
all-loop proof is still missing.
1.3 Fluid Dynamics from Gravity
Gauge/gravity correspondence is a conjectured equivalence between theories of string/gravity on a curved
spacetime and quantum field theories on the boundary of such space. Although it relates two models defined
in different dimensions remarkably the information encoded in a d+ 1 dimensional theory can be described
entirely by analysing a system in a lower number of dimensions, an idea which takes the name of holographic
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principle.
Gauge/gravity correspondence is often called AdS/CFT correspondence because at first it was formu-
lated as a duality between superstring theory in a spacetime with negative curvature (Anti de-Sitter space)
and a supersymmetric conformal field theory. Further studies showed evidence of the duality also for many
different models, even among conformal field theories without supersymmetry. This raised the interest of
a part of the physics community, inspiring a number of different applications in different physical systems.
Among them, important results were obtained in particle physics and condensed matter physics.
A key feature of the conjecture is that it maps the strongly–coupled regime of one theory with the weakly–
coupled regime of the dual model. For this reason, besides the theoretical aspects, gauge/gravity corre-
spondence revealed to be an important tool to understand the dynamics of strongly–coupled quantum field
theories.
In this context, one of the most important application of the gauge/gravity conjecture is in the heavy-ion
physics. The experiments at the Large Hadron Collider (LHC) and at the Relativistic Heavy Ion Collider
(RHIC) produce a plasma of quarks and gluon (quark–gluon plasma or QGP) by heavy–ion collisions. After
the collisions, the components of the QGP rapidly come into local thermal equilibrium and then their be-
haviour can be studied by a hydrodynamic model. In particular, the QGP evolution is characterized by a set
of transport coefficients, the most relevant of them being the so–called shear viscosity. For weakly–coupled
theories, the transport coefficients can be computed by standard perturbative calculation. However, the tem-
perature of the QGP is estimated to be approximately 170 MeV, which is near the confinement scale of QCD.
Hence, QGP is deep inside the non–perturbative regime of quantum chromodynamics (QCD) and then per-
turbative techniques can not be applied. Moreover, the standard numerical approach to strong interacting
QCD (computations on Lattice), which gives a precise analysis of thermodynamical quantities, is not well
suited for computing transport coefficients.
On the other hand, gauge/gravity correspondence offers a theoretical framework to investigate strongly
interacting systems by considering the simpler dual weakly–coupled (super)gravity models. To compute
the transport coefficients in the near–equilibrium regime of quantum field theory, in the dual side of the
conjecture one considers deformations of black holes in anti de Sitter space.
It should be mentioned that the quantum field theories studied by the conjecture are quite different from
QCD in their vacuum. However, it is suspected that at finite temperature the different models would show
several analogies. In addition, the study of such theories may increase our understanding of the universal
properties of strongly coupled dynamics.
One of the first computations in this field is performed by G. Policastro, D.T. Son and A.O. Starinets
in [35], where they derive the shear viscosity for a finite temperature N = 4 supersymmetric Yang–Mills
theory through the computation of the absorption cross section of gravitons by black–three branes. Further
works deeply investigate the subject, leading to the computations of other transport coefficents and to other
different analysis such as the phase transition of Fermi liquids or sound waves. One fundamental result is
that the ratio between shear viscosity and density entropy current ηs turns out to be the same for all theories
which can be constructed from gauge/gravity correspondence. Remarkably, the value of that ratio for QGP
obtained at RHIC approximates this theoretical value.
These results led to the idea that fluid dynamics is the correct long wavelength effective description of the
strongly–coupled field theory dynamics. Therefore a direct map between black hole solutions in asymptoti-
cally AdS spacetimes and fluids in strongly interacting field theories on the boundary has been conjectured.
This is named fluid/gravity correspondence [36, 37, 38].
In one of the simplest examples, the authors of [36, 37, 38] perturb a solution of a gravity theory on aAdS
background (such as black holes or black branes) by means of isometry transformations whose infinitesimal
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parameters depend onAdS–boundary coordinates. The transformed expression is no longer a solution to the
equations of motion, unless those local parameters satisfy some differential equations on the boundary which
turn out to be the linearized Navier–Stokes equations for the boundary field theory [36, 37, 38]. Starting from
this, they provide an iterative procedure to construct the gravity counterpart of the fluid dynamic system in
terms of a boundary derivative expansion. They compute hydrodynamic stress–energy momentum tensor
and thus the transport coefficients up to second order. In particular, the result for the viscosity to entropy
density ratio ηs coincides with the one derived in [35].
We study in detail the procedure described in [36, 37, 38]. We notice that the complete AdS/CFT
correspondence can only be fully established between the supergravity extension of the general relativity and
its holographic dual. This would correspond to a supersymmetric extension of Navier-Stokes equations. Two
possible ways are available: a top–down point of view by generalizing the procedure of [36, 37, 38] or from
a bottom–up approach by constructing a supersymmetric effective action using superfield formalism. Note
that the effective action formalism does not allow us to study the dissipative terms. Nevertheless it gives the
supersymmetric generalization of the perfect fluid theory, which is needed in order to study supersymmetric
hydrodynamic. In both approaches we obtain interesting results.
By extending the construction of [36, 37, 38] it is possible to derive the fermionic corrections to Navier-
Stokes equations in terms of fermion bilinears generated by bulk fermions [39]. In particular, we consider as
bulk fermions the superpartners of the zero modes of an uncharged black hole in AdS.
Our analysis in [39] is original although limited to the linear approximation since we do not possess
the complete expression (obtained from a finite superisometry). For that reason, in [40] we construct the
complete supersymmetric extension of classical solutions of the AdS-Schwarzschild type. We denote the
complete solution as “fermionic wig”, to underline the anticommuting nature of these “hairs”. The wig is
constructed by acting with supersymmetry transformations upon the supergravity fields (vielbein, gravitino
and gauge field) and that expansion naturally truncates at some order in the fermionic zero modes.
We apply this procedure for non–extremal Schwarzschild–like solution of N = 2, D = 5 and D = 4
supergravity in AdS background. Having the full metric solution we compute the boundary stress–energy
tensor using Brown–York procedure. We perform the same analysis in the simpler set-up of BTZ black holes
[41, 42, 43, 44] for N = 2, D = 3 supergravity. In this case we compute analytically all charges associated
to the BTZ black hole with all fermionic contributions. We notice that also the entropy of the black hole is
modified in terms of the fermionic bilinears. Moreover, using fluid/gravity techniques we derive linearized
Navier–Stokes equations and a set of new differential equations from Rarita–Schwinger equation.
In relation to the construction of an action for supersymmetric fluids, there are several candidates and our
proposal is based on linear/chiral superfield for 4– and 3–dimensional model [45]. We deduce the equations of
motion in two ways: by imposing the null-divergence condition of the energy-momentum tensor and by using
a suitable parametrization of the auxiliary fields. We develop algorithms written in FORM language to derive
the complete component expansion and we give a preliminary analysis of the physics of this supersymmetric
fluid.
1.4 Structure of the Thesis
This Thesis is organized as follows.
Part I is divided in two main chapters: the first one explores the classical structure of the theory and its
T-duals and the second one studies the quantum corrections.
In sec. 2.1, we review the T-duality. In sec. 2.2, we construct the σ–models used in the rest of the analysis
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by three different methods. Sec. 2.3 deals with the possible obstructions in constructing the T-dual models.
Finally, in sec. 2.4 we provide a T-dualization of our fermionic cosets.
At the level of quantum analysis, in sec. 3.1 we deal with one–loop computations and in sec. 3.2 the
two-loop analysis with BFM is completed.
Part II deals with supersymmetric fluid dynamics, first by extending the fluid/gravity correspondence and
then by considering a suitable supersymmetric action.
In Chapter 4 the basic concepts to develop supersymmetric fluid dynamics are presented. Sec. 4.1 reviews
relativistic fluid dynamics, sec 4.2 introduces anti–de Sitter spaces and in sec. 4.3 we describe the procedure to
obtain the boundary energy–momentum tensor from a given metric. The fluid/gravity procedure is reviewed
in sec. 4.4 and it is extended to include supergravity in sec. 4.5.
In Chapter 5 we derive the boundary fluid dynamics for the BTZ black hole by constructing the complete
black hole superpartner (the wig). The basic setup is discussed in sec. 5.1, the fermionic wig is constructed
in sec. 5.2 and we discuss the linearized boundary equations in sec. 5.3. Sec. 5.4 is devoted to analyze the
physical implications of the fermionic wig.
The wig procedure is applied to AdS5 model in chapter 6. The action for N = 2, D = 5 gauged
supergravity is presented in sec. 6.1 and in sec. 6.2 and 6.3 we compute the main ingredients to perform the
computation. The results are presented in sec. 6.4.
Chapter 7 deals with the construction of a supersymmetric action to describe supersymmetric fluid dy-
namics. The action principle for bosonic ideal fluids is discussed in sec. 7.1 and it is generalized in sec. 7.2.
In this section we present the supersymmetric action and we discuss the equations of motion and the energy–
momentum tensor in some limits.
In the appendix some auxiliary material is collected.
1.5 Disclaimer
The contents and in particular the bibliographic references of this thesis are updated to March 26th 2013,
date of the defense. All the results obtained afterwards do not appear here.
Part I
Aspects of Fermionic T–duality

Chapter 2
Classical Analysis
2.1 Fermionc Extension of T-duality
2.1.1 Review of Bosonic T-duality
This section provides a short review of the T-duality construction method for σ-models with a single abelian
isometry [1, 46, 47]. Let us introduce a D-dimensional σ-model
S =
∫
GAB(X)dXA ∧ ∗dXB =
∫
d2x
√−γGABγµν∂µXA∂νXB , (2.1)
where A,B = 1, . . . , D and the set of {XA} are bosonic coordinates. If the σ-model has a translational
isometry, then the metric G is independent of one coordinate (i.e. Xd). The (2.1) becomes then
S =
∫ [
Gab(X)dXa ∧ ∗dXb +GaddXa ∧ ∗dXd +GdddXd ∧ ∗dXd
]
, (2.2)
where a, b = 1, · · · , D−1. To construct the T-dual σ-model we introduce the gauge fieldA via the covariant
derivative dXd → ∇Xd = dXd +A. The new action is now invariant under the local gauge transformation
and therefore we can choose a suitable gauge where Xd = 0.1 The new action is then
S =
∫ [
GabdXa ∧ ∗dXb +Gdd (A ∧ ∗A) +GaddXa ∧ ∗A
]
. (2.4)
Now we can add in (2.4) the 2-form F = dA, weighted by a Lagrange multiplier X˜d
S =
∫ [
GabdXa ∧ ∗dXb +Gdd (A ∧ ∗A) +GaddXa ∧ ∗A+ 2X˜ddA
]
. (2.5)
1We use the BRST formalism
sXd = c, sA = −dc . (2.3)
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The equation of motion for the new parameter X˜d shows that (2.5) is equivalent to (2.4). Otherwise, from
the equation of motion of A we compute2
A =
1
Gdd
(
−GaddXa + 1
det γ
∗ dX˜d
)
. (2.7)
The T-dual model is then obtained substituting this result into (2.5)
SDual =
∫ [(
Gab − GadGbd
Gdd
)
dXa ∧ ∗dXb+
−Gad
Gdd
dXa ∧ dX˜d − 1
Gdd det γ
dX˜d ∧ ∗dX˜d
]
. (2.8)
Notice that this simple formulation is guaranteed by the trivial action of the isometry. For a generic bosonic
σ-model one can choose a set of coordinates such that the isometry appears as a translation along a single
coordinate (holonomic coordinate). Nevertheless, one can in principle perform a T-duality along any trans-
formation of the isometry group. In general the isometry group could be non-abelian and the corresponding
Killing vectors are non-trivial expression of the coordinates of the manifold, therefore the above derivation
can not be used any longer. For that, we refer to the work of de la Ossa and Quevedo [17] where they study
such a situation in detail.
At the classical level, the above derivation is correct, but at the quantum level in the case of string models,
we have to recall that the integration measure of the Feynman integral gets an additional piece which can be
reabsorbed by a dilaton shift
φ′ = φ− ln det f , (2.9)
where f is the Jacobian of the field redefinition [17, 48]. We also recall that the most general quantum
corrections for abelian T-duality are the dilaton shift and the zero-mode determinant [49].
2.1.2 Review of Fermionic T-duality
Here we review the fermionic T-duality for an abelian isometry [2, 5]. The above procedure can be followed
through verbatim changing the dictionary and the statistical nature of the ingredients. The bosonic fields
XA =
(
Xa, Xd
)
becomes fermionic θA =
(
θa, θd−1, θd
)
, the symmetric metric GAB = (Gab, Gad, Gdd)
is replaced by a super-metric where GAB = −GBA. Notice that, due to the antisymmetric nature of GAB ,
we need two translational isometries. Therefore we consider a super-metric which is independent of the two
fields θd−1, θd. The action is written as
S =
∫ [
Gab (θ) dθa ∧ ∗dθb + 2Gad−1dθa ∧ ∗dθd−1+
+2Gaddθa ∧ ∗dθd + 2Gd−1ddθd−1 ∧ ∗dθd
]
. (2.10)
As in the previous section, we promote the derivatives of holonomic coordinates θd−1 and θd to covariant
ones, introducing two (fermionic) gauge fields Ad−1 and Ad. Therefore we add to (2.10) the field strengths
2Recall that ∗ is the Hodge dual operator defined in the σ-model 2-dimensional worldsheet equipped by the metric γµν . Then
∗ ∗A = −det γA . (2.6)
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F = dA weighted by the dual coordinates: θ˜d−1 and θ˜d. Using again BRST technique, we fix the gauge to
set θd−1 and θd to zero. The resulting action is the following
S =
∫ [
Gab (θ) dθa ∧ ∗dθb + 2Gad−1dθa ∧ ∗Ad−1 + 2Gaddθa ∧ ∗Ad+
+2Gd−1dAd−1 ∧ ∗Ad + θ˜d−1dAd−1 + θ˜ddAd
]
=
=
∫ [
Gab (θ) dθa ∧ ∗dθb +Ad ∧
(
−2Gad ∗ dθa − dθ˜d
)
+
+Ad−1 ∧
(
−2Gad−1 ∗ dθa + 2Gd−1d ∗Ad + dθ˜d−1
)]
. (2.11)
The computation of the EoM for Ad−1 gives
Ad =
1
Gd−1d
(
Gad−1dθa − 1
2 det γ
∗ dθ˜d−1
)
. (2.12)
The dual model is finally obtained inserting this solution back in (2.11)
SDual =
∫ [(
Gab (θ)− 2Gad−1Gbd
Gd−1d
)
dθa ∧ ∗dθb+
−Gad−1
Gd−1d
dθa ∧ θ˜d − Gad
Gd−1d
dθa ∧ θ˜d−1+
− 1
2Gd−1d det γ
dθ˜d−1 ∧ ∗dθ˜d
]
. (2.13)
Notice that the fermionic nature of the fields might lead to some problems (see the following examples). In
particular, we were able to find two obstructions in the construction of T-dual model: the first is connected to
the non existence of holonomic coordinates, and the second deals with the non invertibility of the equation
(2.12).
Notice that fermionic T-duality is valid only at tree level, since an interpretation of a compact Grassman-
nian direction is missing.
2.1.3 Geometry of T-duality
In order to illustrate the possible obstructions in performing the T-duality in the case of fermionic isometries,
we derive some general conditions for T-duality for coset models [50]. In particular we show that there is
an algebraic and a differential condition. In the following we present two explicit examples to which this
analysis applies.
We want to generalize the procedure reviewed in the first section to σ-models with an arbitrary number
of isometries for which we can not use the holonomic coordinates. We consider a (super) group G and one
of its subgroup H . The generators of the associated Lie algebra g are divided as follows
g = k + h , (2.14)
where h is the super-algebra associated to H and k is the coset vector space. We consider the case of sym-
metric and reductive coset
[HI , HJ ] = C
K
IJ HK ,
[HI ,KA] = C
B
IA KB ,
[KA,KB] = C
I
AB HI , (2.15)
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where H ∈ h and K ∈ k. The vielbeins V A of the coset manifold G/H are obtained expanding the left
invariant 1-form g−1dg on the g generators
g−1dg = V AKA + ΩIHI , (2.16)
where ØI are the connections associated to the H-subgroup. Differentiating (2.16) and using (2.15) we
obtain the Maurer-Cartan equations
dV A = −C ABI V B ∧ ΩI ,
dΩI = −1
2
C IAB V
A ∧ V B − 1
2
C IJK Ω
J ∧ ΩK . (2.17)
These equations are rewritten defining the torsion 2-form TA and the curvature 2-form R
TA = dV A + C ABI V B ∧ ΩI = 0 ,
RI = dΩI +
1
2
C IJK Ω
J ∧ ΩK = −1
2
C IAB V
A ∧ V B , (2.18)
i.e. the coset manifold is a Einstein symmetric space. The metric is defined as
G = V A ⊗ V BκAB , (2.19)
where κAB = Str (KAKB) is the Killing metric restricted to coset generators.
To define a σ-model we need the pull-back
V A = V Aµ ∂iZ
µdzi , (2.20)
where zi are the coordinates on the 2-dimensional manifold Σ and Zµ = Zµ (z) are the embeddings of Σ in
the target space G/H , the action of the σ-model is then
S =
∫
Σ
V A ∧ ∗V BκAB . (2.21)
We can now focus on Killing vectors KΛ = KµΛ
∂
∂Zµ . They generate the isometries Λ that act on the
coordinates as follows
Zµ → Zµ + λΛKµΛ , (2.22)
where λΛ denote a set of infinitesimal parameters andKµΛ is a function ofZ. By definition the Killing vectors
satisfy LKG = 0 which reads
LKΛ
(
V A ∧ ∗V BκAB
)
= 2
(LKΛV A) ∧ ∗V BκAB = 0 . (2.23)
The general solution to (2.23) is
LKΛV A = (ΘΛ)ABV B . (2.24)
where, because of the symmetries of the reduced Killing metric, (ΘΛ)AB is antisymmetric if V A are bosonic.
Otherwise, if the vielbeins are fermionic (anticommutant) and κAB is antisymmetric and then (ΘΛ)AB is
symmetric. Using LXω = iXdω + d(iXω) we get
LKΛV A = d iKΛV A + iKΛdV A =
= d iKΛV
A − iKΛ
(
ΩAB ∧ V B
)
=
= d iKΛV
A − (iKΛΩAB)V B + ΩAB (iKΛV B) , (2.25)
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where ΩAB = ΩICAIB . Then the condition (2.24) can be rewritten as
∇ (iKΛV A) = (ΘΛ + iKΛΩ)AB V B , (2.26)
where the covariant derivative is defined by
∇ (iKΛV A) = d (iKΛV A)+ ΩAB ∧ (iKΛV B) . (2.27)
This relation will be useful to search for the holonomy basis.
It is important to understand how the vielbein V A = V Aµ dZµ transforms under (2.22). First of all, we
notice that (2.22) shall be rewritten using the contraction operator iKΛ as follows
Zµ → Zµ + λΛiKΛdZµ . (2.28)
Using the fact that the components V A are functions of Z we can obtain, expanding V A in the first order of
λ
V A → V Aα
({Z + λΛ iKΛdZ}) d (Zα + λΛ iKΛdZα) =
=
[
V Aα ({Z}) + λΛiKΛdZβ ∂βV Aα
] [
dZα + dλΛ iKΛdZ
α + λΛ d(iKΛdZ
α)
]
=
= V A + dλΛ V Aα iKΛdZ
α + λΛ
[
V Aα d(iKΛdZ
α) + iKΛdZ
β ∂βV
A
α dZα
]
=
= V A + dλΛ iKΛV
A + λΛ
[
V Aα d(iKΛdZ
α) + iKΛdZ
β ∂βV
A
α dZα
]
. (2.29)
Consider now
iKΛdZ
β ∂βV
A
α dZα = iKΛ
(
dZβ ∂βV Aα
)
dZα =
= iKΛ
(
dV Aα
)
dZα , (2.30)
and
ik(dV A) = iKΛ
(
dV Aα ∧ dZα
)
=
= iKΛ
(
dV Aα
)
dZα − dV Aα iKΛdZα =
= iKΛ
(
dV Aα
)
dZα + V Aα d (iKΛdZ
α)− d (iKΛV A) , (2.31)
we then obtain the final relation
V A → V A + dλΛ iKΛV A + λΛ LKΛV A . (2.32)
Using (2.24) this becomes
V A → V A + dλΛ iKΛV A + λΛ (ΘΛ)AB V B . (2.33)
This relation expresses the transformation of the vielbeins induced by (2.28).
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We are now ready to generalize the construction method of the T-duality . First of all we gauge the action
(2.21) via the following shift of the vielbeins
V A → V A +AA (2.34)
for a not-yet-specified number of vielbeins and gauge fields A. After this, the action is invariant under the
gauge transformations {
V A → V A + dλΛ iKΛV A + λΛ (ΘΛ)AB V B ,
AA → AA − dλΛ iKΛV A ,
(2.35)
and so we can gauge some vielbeins to zero. For that we have to solve the following equations
dλΛ = −V Λ (iKΛV A)−1 . (2.36)
Notice that, thanks to the symmetries of the reduced Killing metric, the term λΛ (ΘΛ)AB V B can be omitted.
The condition (2.36) implies two constraints on the matrix3 M Sˆ
Lˆ
≡
(
iKLˆV
Sˆ
)
: which must be invertible
detM 6= 0 , (2.37)
and
dλGˆ = −V Sˆ (M−1) Gˆ
Sˆ
, (2.38)
which locally is equivalent to
d
[
V Sˆ(M−1) Gˆ
Sˆ
]
= 0 , (2.39)
because of the Poincare´ Lemma. Being constraints (2.37) and (2.39) satisfied, we are able to construct the
T-dual model: first, we add to the action the field strength weighted with the Lagrange multipliers Z˜LdAL
(Chern-Simons term in 2d), then we substitute the expression ofAL as functions of the X˜ obtained by solving
the equations of motion of AL.
2.1.4 Gauge Fixing and Cyclic Coordinates
Dealing with the generic isometry-T-duality construction, we discuss the connection between the possibility
of fixing the gauge (and performing the T-duality) and the existence of a system of coordinates in which the
generic isometry is reduced to a translational one. To do this, we first focus on a simple bosonic-coordinates
system.
Consider the following isometry of action S =
∫ L (x)
Z0 → Z0 + λK0 . (2.40)
We note that to fix the gauge we must have that
Z0 + λK0 = 0 ⇒ λ = −Z0 [K0]−1 . (2.41)
Then we try to find a system of coordinates (the holonomy base) in which (2.40) is reduced to
Z˜0 → Z˜0 + λ . (2.42)
3Notice we have restricted the set of indices in order to find a minor satisfying the two conditions.
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Introducing a new variable Z˜0 (Z) and imposing condition (2.42) we get
Z˜0 (Z + λK) = Z˜0 + λ ,
Z˜0 (Z) + λK
∂Z˜0
∂Z
∣∣∣
Z˜=Z
= Z˜0 + λ ,
∂Z˜0
∂Z
∣∣∣
Z˜=Z
= [K]−1 , (2.43)
then
Z˜0 =
∫
[K]−1 dZ . (2.44)
From (2.41) and (2.44) we see that the non-existence of the inverse of the Killing vector invalidates both the
gauge fixing and the redefinition of cyclic coordinate.
This conclusion changes dramatically if we include also fermionic coordinates θ. For sake of simplicity
let us consider a purely fermionic lagrangian and following isometry
θα → θα + εβKαβ (θ) . (2.45)
Condition (2.43) reads
∂θ˜ρ
∂θα
=
[
K−1 (θ)
]ρ
α
. (2.46)
This differential equation can not be integrated in Berezin sense. We can find the solution defining the more
general combination of θ
θ˜ρ =
n∑
i=0
(
1
2i+ 1
cρσ1···σ2i+1θ
σ1 · · · θσ2i+1
)
, (2.47)
where in the most general case, cρσ1···σi are function of the bosonic coordinates. Equation (2.46) becomes
n∑
i=0
(
cρασ2···σ2i+1θ
σ2 · · · θσ2i+1
)
=
[
K−1 (θ)
]ρ
α
, (2.48)
where, for i = 0 we have cρα. In conclusion, to construct the holonomic base , the Killing vector component
K has to be invertible and (2.48) must be solvable.
2.2 Fermionic Coset Models
Before applying the above considerations, we present a set of models which become of interest recently [51,
52, 53]. We mainly deal with fermionic coset models based on the orthosymplectic supergroup OSp(n|m)
where we quotient by its maximal bosonic subgroup SO(n)×Sp(m). These models are obtained as a certain
limit of AdS5 × S5 in [51] and as a limit of AdS4 × P3 in [53].
We take into account only the principal part without any WZ term and we study its conformal invariance.
To construct the model, we do not proceed from a string theory and taking its limit, but we use three inde-
pendent methods to construct such simple models. Since we are interested in studying the (super) isometries,
we focus on the symmetry constraints.
The first method is based on a specific choice of the coset representative, on the nilpotency of the su-
percharges and their anticommutative properties. As examples, we construct the OSp(1|2)/Sp(2) and the
OSp(2|2)/SO(2) × Sp(2) models. This method is very powerful and advantageous in the case of small
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supergroups. The second method is based on the geometric construction of the vielbeins and H-connection.
We follow the book [16] for the derivation and we adapt their formulas for our purposes. Finally, the third
method is based on the symmetric requirements. The latter can be implemented perturbatively and it allows
more general models for which only the conformal invariance seems to discriminate among them.
2.2.1 Nilpotent Supercharges Method
Given the supercharges Qα we impose an ordering Q1, Q2, · · · and we construct the coset representative L
as the product of exponentials
L (θ) = eθ1Q1eθ2Q2 · · · . (2.49)
By the fermionic statistic of the θ’s and the anticommutation relations of the super-algebra we can compute
the complete expansion of L (θ) and we easily derive the action for the models.
OSp(1|2)/Sp(2)
This simple model has 2 anticommuting coordinates θ1 and θ2. Notice that they form a vector of sp (2). We
can write the coset representative L (θ) as (2.49) and we can expand in power of θ
L (θ) = eθ1Q1eθ2Q2 =
= (1 + θ1Q1) (1 + θ2Q2) , (2.50)
then, the inverse L−1 and the 1-form dL are defined as follows
L−1 = (1− θ2Q2) (1− θ1Q1) ,
dL = dθ1Q1 (1 + θ2Q2) + (1 + θ1Q1) dθ2Q2 . (2.51)
Therefore, the left invariant 1-form is
L−1dL = (1− θ2Q2) (1− θ1Q1) dθ1Q1 (1 + θ2Q2) +
+ (1− θ2Q2) dθ2Q2
= dθ1Q1 + dθ2Q2 +
−1
2
θ1dθ1{Q1, Q1} − 1
2
θ2dθ2{Q2, Q2} − θ2dθ1{Q1, Q2}+
−1
2
θ2θ1dθ1 [Q2, {Q1, Q1}] . (2.52)
Using the (anti)commutation relations given in app. A, the left invariant 1-form can be expanded into the
osp (1|2) generators, obtaining the vielbein Vα (the 1-form associated the coset generators Qα) and the H-
connection (the 1-form associated to the generators of the isotropy subalgebra sp(2))
L−1dL = (1 + θ1θ2) dθ1Q1 + dθ2Q2 + H-connection . (2.53)
The vielbeins are then
V1 = (1 + θ1θ2) dθ1 ,
V2 = dθ2 . (2.54)
The action reads
S =
∫
Σ
kαβVα ∧ ∗Vβ , (2.55)
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where kαβ is the Killing metric reduced to the coset. Here, kαβ = εαβ . Then we obtain
S ∝
∫
Σ
(1 + θ1θ2) dθ1 ∧ ∗dθ2 . (2.56)
We can also derive the same action (up to a field redefinition) from the Maurer Cartan equations (2.17)
dV α − εγβV αβ ∧ V γ = 0 ,
dV µν − 1
2
V µ ∧ V ν − 2εαβV αµ ∧ V βν = 0 . (2.57)
From these equations we obtain the vielbeins
V α =
(
1 +
1
4
θρερσθ
σ
)
dθα ,
V αβ = −1
4
(
θαdθβ + θβdθα
)
, (2.58)
then the action is
S ∝
∫
Σ
(
1 +
1
2
θρερσθ
σ
)
εαβdθα ∧ ∗dθβ =
=
∫
Σ
d2z
(
1 +
1
2
θρερσθ
σ
)
εαβ∂θ
α∂¯θβ . (2.59)
The action is invariant under the isometries discussed in sec. 2.3.
OSp(2|2)/SO(2)× Sp(2)
The procedure described in the previous section can be used also for the present model, but we show that an
alternative choice of the generators of super-algebra osp (n|m), with n even, (see for example [54]) leads to
a further simplification.
We redefine the generators to make the fermionic ones nilpotent (i.e. {Qi, Qi} = 0). To do this, we first
define the following matrices
GIJ =

0 Im
0
Im 0
0 In
0
−In 0
 if M = 2m , (2.60)
GIJ =

0 Im 0
Im 0 0 0
0 0 1
0 In
0
−In 0
 if M = 2m+ 1 . (2.61)
We introduce a new set of matrices eIJ by components
(eIJ)KL = δILδJK . (2.62)
18 Classical Analysis
By these ingredients we can introduce the generators of osp (n|m)
Eij = Gikekj −Gjkeki ,
Ei′j′ = Gi′k′ek′j′ +Gj′k′ek′i′ ,
Eij′ = Ej′i = Gikekj′ , (2.63)
where we have splitted the capital indices {I, J} in {i, j} = 1 · · ·M and {i′, j′} = M + 1 · · ·N . They
satisfy the (anti)commutation relations
[Eij , Ekl] = GjkEil +GilEjk −GikEjl −GjlEik ,[
Ei′j′ , Ek′l′
]
= −Gj′k′Ei′l′ −Gi′l′Ej′k′ −Gi′k′Ej′l′ −Gj′l′Ei′k′ ,
[Eij , Ek′l′ ] = 0 ,
[Eij , Ekl′ ] = GjkEil′ −GikEjl′ ,
[Ei′l′ , Ekl′ ] = −Gj′l′Ekj′ −Gj′l′Eki′ ,{
Eij′ , Ekl′
}
= GikEj′l′ −Gj′l′Eik ,
(2.64)
where Eij are generators of so(n), the Ei′j′ of ∈ sp(m) and Eij′ are the supercharges Notice that, with this
choice, the supercharges are nilpotent (
Eij′
)2
= 0 ∀ i, j′ , (2.65)
and this simplifies the computation. We set
Q1 = Q
1
1′ Q2 = Q
1
2′ Q3 = Q
2
1′ Q4 = Q
2
2′ , (2.66)
E1′ = T1′1′ E2′ = T1′2′ = T2′1′ E3′ = T2′2′ , (2.67)
and
E0 = T12 = −T21 , (2.68)
where the prime indices corresponds to the sp indices. The reduced Killing metric is (A = {i, i′})
κAB = 4

0 0 0 1
0 0 −1 0
0 1 0 0
−1 0 0 0
 . (2.69)
The complete computation is derived in app. B. We choose the coset representative as in (2.50)
L(θ) = eθ1Q1 eθ2Q2 eθ3Q3 eθ4Q4 , (2.70)
which expanded in series becomes
L(θ) = (1 + θ1Q1) (1 + θ2Q2) (1 + θ3Q3) (1 + θ4Q4) . (2.71)
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Then, the left-invariant 1-form reads:
L−1dL = (1− θ4Q4) (1− θ3Q3) (1− θ2Q2) (1− θ1Q1)×
× dθ1Q1 (1 + θ2Q2) (1 + θ3Q3) (1 + θ4Q4) +
+ (1− θ4Q4) (1− θ3Q3) (1− θ2Q2) dθ2Q2 (1 + θ3Q3) (1 + θ4Q4) +
+ (1− θ4Q4) (1− θ3Q3) dθ3Q3 (1 + θ4Q4) + (1− θ4Q4) dθ4Q4 . (2.72)
Notice that only an even number of commutators of Q gives again Q. Therefore, to obtain the vielbeins we
compute only this kind of terms. We get (see app. B)
L−1dL = Q1dθ1 +Q2dθ2 +Q3 (−2θ3θ4dθ1 + dθ3) +Q4 (−2θ3θ4dθ2 + dθ4) + ΩIHI , (2.73)
hence, the vielbeins are
V 1 = dθ1 V 3 = −2θ3θ4dθ1 + dθ3 ,
V 2 = dθ2 V 4 = −2θ3θ4dθ2 + dθ4 ,
(2.74)
So, the σ-model action is
S =
∫
Σ
tr (V ∧ ∗V ) =
∫
Σ
kABV
A ∧ ∗V B =
= 4
∫
Σ
{
dθ1 ∧ ∗ (−2θ3θ4dθ2 + dθ4)− dθ2 ∧ ∗ (−2θ3θ4dθ1 + dθ3) +
+ (−2θ3θ4dθ1 + dθ3) ∧ ∗dθ2 − (−2θ3θ4dθ2 + dθ4) ∧ ∗dθ1
}
. (2.75)
But dθα ∧ ∗dθβ is antisymmetric, then: the action of OSp(2|2)/SO(2)× Sp(2) is
S = 8
∫
Σ
{
dθ1 ∧ ∗dθ4 − dθ2 ∧ ∗dθ3 − 4θ3θ4dθ1 ∧ ∗dθ2
}
, (2.76)
or, explicitly:
S = 8
∫
Σ
d2x
√−γγµν
{
∂µθ1∂νθ4 − ∂µθ2∂νθ3 − 4θ3θ4∂µθ1∂νθ2
}
. (2.77)
2.2.2 Vielbein Construction Method
In this section we construct theOSp(n|m)/SO(n)×Sp(m) action through the coset vielbeins. The method
used is similar to the one described in [16].
Let L be the coset element
L = exp θˆαaQ
a
α , (2.78)
where Qaα ∈ osp(n|m)/so(n) × sp(m) (see app. A). The vielbeins V αa are obtained by expanding the left-
invariant 1-form L−1dL
L−1dL = V αa Qαa + H-connection . (2.79)
Consider now the matrix realization in fundamental representation of the generators Qaα
[Qaα]
I
J = δ
aIεαJ + δ
a
Jε
I
α . (2.80)
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Notice that ε Iα = δˆ Iα where δˆ is the Kronecker delta in m dimensions. We write the generators as block
matrices
θˆαaQ
a
α =
(
0 b
b˜ 0
)
, (2.81)
where 
[bαa ]
I
J = θˆ
α
a δ
aIεαJ[
b˜αa
]I
J
= θˆαa δ
a
Jε
I
α
. (2.82)
The group element is then
L(θˆ) =

δIJ +
1
2b
I
K b˜
K
J + · · · bIJ + 13!bIK b˜KLbLJ + · · ·
b˜IJ +
1
3! b˜
I
Kb
K
Lb˜
L
J + · · · εIJ + 12 b˜IKbKJ + · · ·
 =
=

cosh
√
bb˜ b sinh
√
b˜b√
b˜b
sinh
√
bb˜√
bb˜
b˜ cosh
√
b˜b
 . (2.83)
We shall now perform the following change of variable
θαa ≡ b
sinh
√
b˜b√
b˜b
, (2.84)
then the group element becomes
L (θ) =

(
δab + θ
α
a εαβθ
β
b
) 1
2
δaIδbJ θ
α
a δ
aIεαJ
θαa δ
a
Jε
I
α
(
εαβ + θαa δ
abθβb
) 1
2
ε Iα εβJ
 . (2.85)
The inverse is then
L−1 (θ) =

(
δab + θ
α
a εαβθ
β
b
) 1
2
δaIδbJ −θαa δaIεαJ
−θαa δaJε Iα
(
εαβ + θαa δ
abθβb
) 1
2
ε Iα εβJ
 , (2.86)
and the 1-form dL
dL (θ) =
(
E F
G H
)
, (2.87)
where
EIJ =
1
2 (δru + θ
ρ
rερσθ
σ
u)
− 1
2 δuv
[
dθτvετλθλs + θτvετλdθλs
]
δrIδsJ ,
F IJ = dθαa δaIεαJ ,
GIJ = dθαa δaJε Iα ,
HIJ =
1
2 (ε
ρτ + θρrδrsθτs )
− 1
2 ετλ
[
dθλuδuvθσv + θλuδuvdθσv
]
ε Iρ εσJ .
(2.88)
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We shall write the left-invariant 1-form as
L−1 (θ) dL (θ) =
(
A B
C D
)(
E F
G H
)
=
(
AF +BH
CE +DG
)
. (2.89)
In order to obtain the vielbeins, we compute only the off-diagonal blocks. We gets
V σa δ
aIεσJ = AF +BH =
=
(
δar + θ
α
a εαβθ
β
r
)− 1
2
δrs
[
dθσs + θµs εµνθνb δbzdθσz+
−1
2
θαs εαλdθλuδuvθσv
]
δaIεσJ , (2.90)
and
Vˆ sαε
I
α δ
s
J = CE +DG =
=
(
εαρ + θαa δ
abθρr
)− 1
2
ερσ
[
dθσs −
1
2
θσuδ
uvdθτvετλθλs+
+θσuδ
uvθτvετλdθλs
]
ε Iα δ
s
J . (2.91)
The σ-model is then
S =
∫
Σ
Str
(
V ∧ ∗Vˆ
)
=
=
∫
Σ
(
V σa δ
aIεσJ ∧ ∗Vˆ sαε Iα δsJ
)
=
=
∫
Σ
(
εσαδ
asV σa ∧ ∗Vˆ αs
)
. (2.92)
Dealing with fermionic fields, the expansion of (2.92) leads to a polynomial action in θ. We obtain
S ∼
∫
d2z
√
det γ
[
∂µθ
α
a ∂
µθβb εαβδ
ab+
+θαa θ
β
b ∂µθ
γ
c ∂
µθδd
(
−2δacδbdεαδεβγ + δabδcdεαδεβγ + δadδbcεαβεγδ
)
+ · · ·
]
.
(2.93)
2.2.3 Supersymmetry Construction Method
Here we derive the 4-field terms (i.e. θθ∂θ∂θ) forOSp(n|m)/SO(n)×Sp(m) action using supersymmetry
invariance. To perform this computation we have to build the supersymmetry transformation up to the second-
order. Now, the variation of the zero-order term of the action must be canceled by the zero-order variation
of the θθ∂θ∂θ term. With this observation we are able to reconstruct the second-order contribution to the
action.
The first-order generators of Sp(m) and SO(n) are
Mαβ = θαa ε
βρ ∂
∂θρa
+ θβaε
αρ ∂
∂θρa
,
Mab = θ
ρ
aδbc
∂
∂θρa
− θρb δac
∂
∂θρa
. (2.94)
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To find the second-order supersymmetry generators Qαa we use the closure relation
{Qαa , Qα
′
a′ } = εαα
′
Maa′ + δaa′M
αα′ . (2.95)
The generators Qαa can be written as
Qαa = G
αβ
ab ∂θβb
, ∂
θβb
≡ ∂
∂θβb
, (2.96)
and the relation (2.95) becomes[
Gαβab
(
∂
θβb
Gα
′ρ
a′r
)
+Gα
′β′
a′b′
(
∂
θβ
′
b′
Gαρar
)]
∂θρr =
=
[
δaa′ θ
α
r ε
α′ρ + δaa′θ
α′
r ε
αρ + εαα
′
θρaδa′r − εαα
′
θρa′δar
]
∂θrr . (2.97)
Consider now Gαβab : at zero-order it is ε
αβδab. To find the exact second-order structure, we construct the
most general term
Gαβab = x θ
α
a θ
β
b + y θ
α
b θ
β
a + c θ
α
c δ
cdθβd + d θ
γ
aεγδθ
δ
b + e θ
γ
c εγδδ
cdθδdε
αβδab . (2.98)
Using the zero- and second-order in (2.97) we set the coefficient a, b, c, d, e. The computation yields the
following results
x = 2e , c = d , d− y = 1 , (2.99)
where we used the following relations
ε12 = 1 εαβ = ε
α
β θ
α = εαβθβ . (2.100)
Then, the supersymmetric generators are
Qαa =
[
εαβδab + x θ
α
a θ
β
b + y θ
α
b θ
β
a + (1 + y) θ
α
c δ
cdθβd+
+(1 + y) θγaεγδθ
δ
b +
x
2
θγc εγδδ
cdθδdε
αβδab +O(4)
] ∂
∂θβb
, (2.101)
up to second-order. Now we have to perform the second-order variation of the zero-order lagrangian density
L0 = γµν∂µθαa ∂νθβb εαβδab . (2.102)
The supersymmetric transformation generated by (2.101) is
δ = 
α
aQ
a
α , (2.103)
explicitly
δθ
ρ
r = 
ρ
n + 
a
αG
αβ
ab ∂θβb
θρr =
= ρr + x 
a
αθ
α
a θ
ρ
r + y 
a
αθ
α
r θ
ρ
a + (1 + y) 
a
αθ
α
c δ
cdθρdδar +
+(1 + y) aαθ
γ
aεγδθ
δ
rε
αρ +
x
2
aαθ
γ
c εγδδ
cdθδdε
αρδar . (2.104)
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The second-order transformation of (2.102) is then
δ(L0))
∣∣
II
=
= x βb ∂
µθαa θ
ρ
r∂µθ
σ
s εβαδ
baερσδ
rs + x βb θ
α
a ∂
µθρr∂µθ
σ
s εβαδ
baερσδ
rs +
+y βb ∂
µθαr θ
ρ
a∂µθ
σ
s εβαδ
baερσδ
rs + y βb θ
α
r ∂
µθρa∂µθ
σ
s εβαδ
baερσδ
rs +
+(1 + y) βb ∂
µθαc θ
ρ
d∂µθ
σ
s εβαδ
cdερσδ
bs + (1 + y) βb θ
α
c ∂
µθρd∂µθ
σ
s εβαδ
cdερσδ
bs +
+(1 + y) βb ∂
µθγaθ
δ
r∂µθ
σ
s εβσδ
baεγδδ
rs + (1 + y) βb θ
γ
a∂
µθδr∂µθ
σ
s εβσδ
baεγδδ
rs +
+
x
2
βb ∂
µθγc θ
δ
d∂µθ
σ
s εβσεγδδ
bsδcd +
x
2
βb θ
γ
c ∂
µθδd∂µθ
σ
s εβσεγδδ
bsδcd .
(2.105)
Finally
δ(L0)
∣∣
II
= +2x αa∂
µθρrθ
β
b ∂µθ
σ
s εαρδ
arεβσδ
bs +
−x αa∂µθρrθβb ∂µθσs εαβδabερσδrs +
+(1 + 2y) αa∂
µθρrθ
β
b ∂µθ
σ
s εασδ
abερβδ
rs +
−(1 + 2y) αa∂µθρrθβb ∂µθσs εαβδasερσδrb +
+2(1 + y) αa∂
µθρrθ
β
b ∂µθ
σ
s εασδ
arερβδ
bs . (2.106)
As we have already said, this variation must be compensated by the zero-order variation of the second-order
lagrangian density L∣∣
II
. Imposing this we obtain
L∣∣
II
= +2xθαa ∂
µθρrθ
β
b ∂µθ
σ
s εαρδ
arεβσδ
bs +
−xθαa ∂µθρrθβb ∂µθσs εαβδabερσδrs +
+(1 + 2y)θαa ∂
µθρrθ
β
b ∂µθ
σ
s εασδ
abερβδ
rs +
−(1 + 2y)θαa ∂µθρrθβb ∂µθσs εαβδasερσδrb +
+2(1 + y)θαa ∂
µθρrθ
β
b ∂µθ
σ
s εασδ
arερβδ
bs . (2.107)
Notice that for x = 0 and y = −23 we obtain the 4-field term derived in sec. 2.2.2.
Since this method is merely perturbative, to each orders some freedom is left by the constants leading
different models. If we were able to pursue it till to the end (namely in the case of a limited number of
θ’s coordinates) then we would have seen a unique solution. Hence this falls in the same class of problems
known as gauge completion in supergravity and supersymmetry where starting from the bosonic components
of a given superfield, the constraints would permit the construction of the full superfield. However, this is in
general not achievable (see [55] and reference therein.).
2.3 Obstructions to Conventional T-duality
Here, as we announced in sec. 2.1, we present two typical obstructions in the T-duality construction. To do
this we apply the procedures outlined there to the simple models discussed above.
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2.3.1 OSp(1|2)/Sp(2)
This first case refers to the coset space OSp(1|2)/Sp(2), characterized by two fermionic coordinates θ1 and
θ2. We recall the action (2.59)
S ∝
∫
Σ
d2z
(
1 +
1
2
θρερσθ
σ
)
εαβ∂θ
α∂¯θβ . (2.108)
This model is not invariant under θ → θ + c, but it possesses – besides the Sp (2) invariance under θα →
Λαβθ
β with Λαβ = Λβα – also the following isometry4
θα → θα +
(
1 +
1
2
θρερσθ
σ
)
εα , (2.109)
i.e. the action (2.59) has the following Killing vectors
Kβ(α) =
(
1 +
1
2
θρερσθ
σ
)
δβα . (2.110)
To demonstrate this we use the fermionic Killing equation
Kλ(α)∂λGρσ − ∂ρKλ(α)Gλσ − ∂σKλ(α)Gρλ = 0 , (2.111)
an alternative proof is found in app. C. To construct the T-dual model we have to determine the matrix iKΛV A,
find a invertible minor, and check eq. (2.39). We obtain
iK(α)V
A =
( (
1 + 34θ1θ2
)
0
0
(
1 + 34θ1θ2
) ) , (2.112)
and this matrix is invertible, so we do not need to find a minor. Otherwise, the (2.39) becomes{
θ2dθ1 ∧ dθ1 + θ1dθ1 ∧ dθ2 = 0 ,
θ1dθ2 ∧ dθ2 + θ2dθ1 ∧ dθ2 = 0 , (2.113)
and these two condition are not in general true. So, the dual model can not be constructed in the conventional
way. In the following we will show a way to bypass this step by first linearizing the isometries and then by
gauging them.
2.3.2 OSp(2|2)/SO(2)× Sp(2)
The action for this new coset space is derived in sec. 2.2.1
S = 8
∫
Σ
{
dθ1 ∧ ∗dθ4 − dθ2 ∧ ∗dθ3 − 4θ3θ4dθ1 ∧ ∗dθ2
}
, (2.114)
notice that there are two translational isometries, referred to θ1 and θ2
θ1 → θ1 + λ1 and θ2 → θ2 + λ2 , (2.115)
4It is easy to demonstrate that it does not exist a coordinate transformation that reduces this isometry to θ → θ + c.
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where λ is a fermionic parameter (i.e. λθ = −θλ). To find the dual model we then use the first procedure.
First of all, we introduce the gauge field Ai via the covariant derivative, obtaining
S′ = 8
∫
§
{
(dθ1 +A1) ∧ ∗dθ4 − (dθ2 +A2) ∧ ∗dθ3 +
− 4θ3θ4 (dθ1 +A1) ∧ ∗ (dθ2 +A2)
}
. (2.116)
The new action is then invariant under a local transformation which allows us to choose the gauge
θ1 = θ2 = 0 . (2.117)
After doing this, we introduce the 2-forms and the Lagrange multipliers θ˜i
S′′ = 8
∫
§
{
A1 ∧ ∗dθ4 −A2 ∧ ∗dθ3 − 4θ3θ4A1 ∧ ∗A2 + θ˜1dA2 + θ˜2dA1
}
. (2.118)
Now we calculate the equation of motion for A1, obtaining
4θ3θ4 ∗A2 = ∗dθ4 − dθ˜2 . (2.119)
We have to factor A2 but this is not possible, considering that θ3θ4 is not invertible. This problem hinders
the construction of the dual model.
However we can modify the original action (2.114) in this way
Sˆ ∝ lim
→0
∫
Σ
{
dθ1 ∧ ∗dθ4 − dθ2 ∧ ∗dθ3 − (+ 4θ3θ4)dθ1 ∧ ∗dθ2
}
. (2.120)
In the limit → 0 this action is equivalent to the original, but in this form we are able to invert the equations
of motion. The results are
A2 =
1
+ 4θ3θ4
[
dθ4 +
1
detγ
∗ dθ˜2
]
, (2.121)
and
A1 =
1
+ 4θ3θ4
[
dθ3 − 1detγ ∗ dθ˜1
]
. (2.122)
Through the substitution of these equations in (2.120), we obtain the dual model
SˆT ∝ lim
→0
∫
§
1
+ 4θ3θ4
{
dθ3 ∧ ∗dθ4 − 1detγ dθ˜1 ∧ ∗dθ˜2 − dθ˜1 ∧ dθ4 − dθ˜2 ∧ dθ3
}
. (2.123)
In order to analyze the connection between the actions, we compute the curvature for both models. From the
torsion equation we derive the spin connection
dV A − κBC ωˆAB ∧ V C = 0 , (2.124)
then, from the definition of the curvature 2-form, we obtain the curvature components
RAB = dωˆAB − κCDωˆAC ∧ ωˆDB . (2.125)
However, the results obtained for the dual model depend on the term 1ε+θθ , for instance
R11 = −4 1
(+ 4θ3θ4)3
θ3θ4dθ1 ∧ dθ1 . (2.126)
This shows that a physical quantities such as the curvature of the dual model is not defined for ε→ 0.
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2.4 New Methods for T-duality
Now, we decided to go for another path. Since in general the holonomic coordinates can not be found, we use
de la Ossa-Quevedo method [17], which is suitable for non-abelian T-dualities, for constructing the T-dual.
Therefore we add new gauge fields and we perform the integration of them as suggested in [17].
We would like to mention that a possible issue for non-abelian T-duality is the non-equivalence of the
actions at the quantum level [58].
Another important point is that the model for the coset space is written in terms of a given parametrization.
If some isometries act non linearly, we might encounter several problems in the duality construction. To avoid
them we choose a new set of coordinates subject to some algebraic equations (Plu¨cker relations [56]) in terms
of which the original model can be written. In this way the isometries act linearly and therefore they can be
easily gauged in the conventional way [57].
2.4.1 BRST Transformations for OSp(1|2)
Consider the following lagrangian density
L0 = −∇φ∇¯φ+ εαβ∇θα∇¯θβ + α
(
φ2 − θ2 − 1) . (2.127)
The covariant derivatives are defined as
∇θα = ∂θα −Aαφ−Aαβθβ ,
∇φ = ∂φ−Aαθα . (2.128)
The equation of motion forα reduces the lagrangian to the usual form (2.59). Notice that we useAα = εαρAρ
and Aα = εαρAρ as raising-lowering convection. The nilpotence of BRST operator s implies the following
BRST transformations
sθα = ηαφ+ cαγεγβθ
β ,
sφ = ηαθα ,
sηα = cαβεβγη
γ ,
scαβ = −ηaηβ + cαρερσcσβ , (2.129)
where the ghosts denoted by a latin letter are anticommuting while those denoted by a greek letter are com-
muting quantities. Last, they have the following symmetries
cαβ = cβα Aαβ = Aβα . (2.130)
We fix the transformations rules for the gauge fields by requiring the covariance of covariant derivatives
s (∇θα) = ηα∇φ− cαβ∇θβ = ηα∇φ+ cαβεβγ∇θγ ,
s (∇φ) = ηα∇θα = ηαεαβ∇θβ . (2.131)
From the second equation of (2.131) we obtain
sAα = ∂ηα +Aγεγρc
ρα − ηρερσAσα =
= ∂ηα + cαβεβγA
γ +Aαρερση
σ , (2.132)
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and from s2Aα = 0 we get
sAαβ = −∂cαβ − ηαAβ −Aαηβ + cαλελγAγβ −Aαλελρcρβ . (2.133)
We define the following field strengths
Fα = ∂A¯α − ∂¯Aα +AαβεβγA¯γ − A¯αβεβγAγ ,
Fαβ = ∂A¯αβ − ∂¯Aαβ +AαγεγδA¯δβ − A¯αγεγδAδβ +AαA¯β − A¯αAβ , (2.134)
which transform as follows
sFα = cαβεβγF
γ + Fαβεβγη
γ ,
sFαβ = cαγεγδF
δβ − Fαγεγδcδβ − ηαF β − Fαηβ , (2.135)
2.4.2 Performing T-duality
In order to construct the T-dual model we consider the gauged form of lagrangian (2.127)
Lgauging = −∇φ∇¯φ+ εαβ∇θα∇¯θβ + α
(
φ2 − θ2 − 1)+ iθ˜αεαβF β + iφ˜αβεβγεαδF γδ =
= α
(
φ2 − θ2 − 1)+ (∂φ−Aαεαβθβ)(∂¯φ− A¯γεγδθδ)+
+
(
∂θα −Aαφ+Aαβεβγθγ
)
εαβ
(
∂¯θβ − A¯βφ+ A¯βγεγδθδ
)
+
+iθ˜αεαβ
(
∂A¯β − ∂¯Aβ +AβρεργA¯γ − A¯βρεργAγ
)
+
+iφ˜αβεβγεαδ
(
∂A¯γδ − ∂¯Aγδ +AγρερσA¯σδ − A¯γρερσAσδ +AγA¯δ − A¯γAδ
)
.
(2.136)
Notice we gauged the whole isometry groupOSp (1|2). Following the procedure described in [17] we rewrite
(2.136) as
Lgauging = L0 +
(
hα + fαβAβ + g
α(βγ)Aβγ
)
A¯α +
+
(
l(αβ) +m(αβ)ρAρ + n
(αβ)(ρσ)Aρσ
)
A¯αβ +
+h¯αAα + l¯
(αβ)Aαβ , (2.137)
where
hα = −∂ (φθα)− i∂θ˜α , l(αβ) = ∂θ(α θ β) − i∂φ˜αβ ,
fαβ = φ2εαβ + θαθβ + 2iφ˜αβ , m(αβ)ρ = ε(α|ρ θ β)φ+ iθ˜(α εβ)ρ ,
gα(βγ) = iεα(β θ˜ γ) − εα(β θ γ)φ , n(αβ)(ρσ) = −iφ˜α(ρ εσ)β − iφ˜β(ρ εσ)α ,
h¯α = −∂¯ (φθα) + i∂¯θ˜α , l¯(αβ) = ∂¯θ(α θ β) + i∂¯φ˜αβ .
(2.138)
Notice that
εαβεβγ = δ
α
γ , δ
αβεβγ = −εαβδβγ 6= δαγ . (2.139)
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This model has 8 degrees of freedom: 2 for θα, 1 for φ, 2 for θ˜α and 3 for φ˜αβ . By gauge fixing we eliminate
some degrees of freedom among them. Notice that it is not possible to set a symmetric 2 × 2 tensor field
to a constant by a Sp (2)-transformation: we can not set all the three components of φ˜αβ to a constant.
Nevertheless, we choose
φ˜αβ =
(
detφ˜
) 1
2
δαβ , (2.140)
thus, only one degree of freedom survives and there is an Sp(2)-gauge isometry left. Now, we set θα to zero
via the OSp(1|2)/Sp(2) gauge transformation. Consequently, the constraint in L0 impose that φ = 1. This
reduces the degrees of freedom from 8 to 3. The remained fields are
detφ˜, θ˜α , (2.141)
and we have a one-parameter residual Sp (2) symmetry. If we rename
(
detφ˜
) 1
2
= φˆ , (2.142)
definitions (2.138) become
hα = −i∂θ˜α , l(αβ) = −i∂φˆδαβ ,
fαβ = εαβ + 2iφˆδαβ , m(αβ)ρ = +iθ˜(α εβ)ρ ,
gα(βγ) = iεα(β θ˜ γ) , n(αβ)(ρσ) = −iφˆδα(ρ εσ)β − iφˆδβ(ρ εσ)α ,
h¯α = +i∂¯θ˜α , l¯(αβ) = +i∂¯φˆδαβ .
(2.143)
To derive the T-dual model we compute from (2.137) the equation of motion for A¯α, obtaining
Aβ = −[f−1]βλ
(
hλ + gλ(ρσ)Aρσ
)
. (2.144)
The lagrangian becomes
Lgauging = L0 +
[
l(αβ) −m(αβ)ρ [f−1]
ρλ
hλ+
+
(
n(αβ)(ρσ) −m(αβ)ζ [f−1]
ζλ
gλ(ρσ)
)
Aρσ
]
A¯αβ +
−h¯α [f−1]
αλ
hλ +
[
l¯(ρσ) − h¯α [f−1]
αλ
gλ(ρσ)
]
Aρσ . (2.145)
That is
LAA¯ = Ξ + Ω¯(αβ)Aαβ + Ω(αβ)A¯αβ + Π(αβ)(ρσ)AαβA¯ρσ , (2.146)
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where
Ξ = −h¯α [f−1]
αλ
hλ = − 1
1− 4φˆ2∂θ˜
αεαβ∂θ˜
β ,
Ω(αβ) = l(αβ) −m(αβ)ρ [f−1]
ρλ
hλ =
= −i∂φˆδαβ − 1
1− 4φˆ2
(
θ˜(α∂θ˜ β) + 2iφˆθ˜(α εβ)ρδρλ∂θ˜
λ
)
,
Π(αβ)(ρσ) = n(αβ)(ρσ) −m(αβ)ρ [f−1]
ρσ
gσ(ρσ) =
=
θ˜2
4
(
1− 4φˆ2
) [εασεβρ + εαρεβσ]+
+iφˆ
1− 4φˆ2 − θ˜2
4
(
1− 4φˆ2
) [εασδβρ + εαρδβσ + εβσδαρ + εβρδασ] . (2.147)
Now, we can find the equation of motion (EoM) of the last gauge fields. Substituting it back into the la-
grangian gives the T-dual model. To do this we have to compute the inverse of Π. Consider the following
4-indices tensor
T (αβ)(γδ) = A
[
εαδεβγ + εαγεβδ
]
+B
[
εαδδβγ + εαγδβδ + εβδδαγ + εβγδαδ
]
. (2.148)
To find its inverse we impose the following definition of inverse tensor[
M−1
]
αβ µν
Mαβ ρσ = ε
(ρ
(µ ε
σ)
ν) , (2.149)
and then we can fix the coefficient of the following generic tensor[
T−1
]
(αβ)(γδ)
= L [εαδεβγ + εαγεβδ] + P [δαδδβγ + δαγδβδ] +
+M [εαδδβγ + εαγδβδ + εβδδαγ + εβγδαδ] ≡
≡ L < εε > +M < εδ > +P < δδ > . (2.150)
We find that
L =
A2 + 2B2
A (A2 + 4B2)
, M =
B
A2 + 4B2
, P =
2B2
A (A2 + 4B2)
. (2.151)
Here, A ∝ θ˜2, then it is impossible to invert.
2.4.3 Residual Gauge Fixing
We want to fix the residual gauge invariance, via BRST method: we introduce a set of lagrangian multipliers
bαβ and the corresponding ghosts c¯αβ such that
sc¯αβ = bαβ, sbαβ = 0 . (2.152)
Notice that the metric in this model is εαβ and we use it to raise and lower the indices. To fix the gauge we
introduce a new term in (2.146)
LAA¯ → Lg.f. = LAA¯ + s
[
c¯αβε
(αβ)(ρσ)Aρσ +
1
2ξ
c¯αβε
(αβ)(ρσ)bρσ + h.c.
]
=
= LAA¯ + bαβε(αβ)(ρσ)Aρσ + b¯αβε(αβ)(ρσ)A¯ρσ +
+
1
2ξ
b¯αβε
(αβ)(ρσ)bρσ + f ({c}) , (2.153)
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where
ε(αβ)(ρσ) =
1
2
(
εασεβρ + εαρεβσ
)
. (2.154)
We collect the ghost term into the symbol f ({c}). Computing the EoM for b and b¯ we obtain
bαβ = −ξA¯αβ , b¯αβ = −ξAαβ . (2.155)
Then we have
Lg.f. = Ξ + Ω¯(αβ)Aαβ + Ω(αβ)A¯αβ +
+
[
Π(αβ)(ρσ) − ξε(αβ)(ρσ)
]
AαβA¯ρσ + f ({c}) . (2.156)
Defining
[
Π(αβ)(ρσ) − ξε(αβ)(ρσ)] = Πˆ(αβ)(ρσ), we get
Lg.f. = Ξ + Ω¯(αβ)Aαβ + Ω(αβ)A¯αβ + Πˆ(αβ)(ρσ)AαβA¯ρσ + f ({c}) . (2.157)
Now, we fix ξ to make Πˆ invertible. Comparing with (2.147) we have
A =
θ˜2
4
(
1− 4φˆ2
) + ξ, B = iφˆ1− 4φˆ2 − θ˜2
4
(
1− 4φˆ2
) , (2.158)
or, more simply
A =
θ˜2 + ξ′
4
(
1− 4φˆ2
) , B = iφˆ1− 4φˆ2 − θ˜2
4
(
1− 4φˆ2
) . (2.159)
Then
L =
4
(
1− 4φˆ2
)(
2φˆ2
(
−1 + 4φˆ2 + θ2
)2
+
(θ2+ξ)
2
16(1−4φˆ2)2
)
(θ2 + ξ)
(
4φˆ2
(
−1 + 4φˆ2 + θ2
)2
+ (θ
2+ξ)2
16(1−4φˆ2)2
) , (2.160)
M =
iφˆ
(
1− 4φˆ2 − θ2
)
4φˆ2
(
−1 + 4φˆ2 + θ2
)2
+ (θ
2+ξ)2
16(1−4φˆ2)2
, (2.161)
P =
8φˆ2
(
1− 4φˆ2
)(
−1 + 4φˆ2 + θ2
)2
(θ2 + ξ)
(
4φˆ2
(
−1 + 4φˆ2 + θ2
)2
+ (θ
2+ξ)2
16(1−4φˆ2)2
) . (2.162)
The EoM for A¯ρσ is then
Aαβ = −
[
Πˆ−1
]
(αβ)(ρσ)
Ω(ρσ) . (2.163)
Finally the dual lagrangian is
Ldual = Ξ− Ω¯(αβ)
[
Πˆ−1
]
(αβ)(ρσ)
Ω(ρσ) + f ({c}) . (2.164)
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With simple algebraic manipulations (see app. D), the dual lagrangian becomes
Ldual = Ξ− ∂¯φˆ∂φˆ− 2 (L+ P )
1− 4φˆ2
[
−i∂¯φˆθα∂θβδαβ + iθα∂¯θβδαβ∂φˆ+
+2φˆ∂¯φˆθα∂θβεαβ + 2θ
α∂¯θβεαβφˆ∂φ
]
+
− θ
2
2
(
1− 4φˆ2
)2 [∂¯θα∂θβδαβ (−4M (1 + 4φˆ2)+ 4iφˆ (3L− P ))+
+ ∂¯θα∂θβεαβ
(
− (3L− P )
(
1 + 4φˆ2
)
− 8iMφˆ
)]
+ f ({c}) . (2.165)
Notice that exist just two combinations of L and P . Using (2.151), we have
L+ P =
1
A
=
4
(
1− 4φˆ2
)
θ2 + ξ
,
3L− P = 1
A
+
2A
A2 + 4B2
=
=
4
(
1− 4φˆ2
) (
θ2 + ξ
)
(θ2 + ξ)2 + 4φˆ2
(
1− 4φˆ2 − θ2
) + 4
(
1− 4φˆ2
)
θ2 + ξ
. (2.166)
The form of the lagrangian is rather cumbersome and therefore it might be rather awful to proceed with a
loop analysis from this expression. Of course, it can be expanded in power of φˆ, suitable for 1-loops analysis.
2.4.4 Another Gauge Fixing for OSp(m|n)/SO(n)× Sp(m)
The method presented above can not be used in general: even in a slightly more extended example as
OSp(4|2)/SO(4)× Sp(2) the computation becomes quite prohibitive. We then found an alternative gauge
fixing condition that leads to a simpler treatment.
The coset model OSp (m|n) /SO (n)× Sp (m) is built from the following fields
• Λ(ij) bosonic SO (n) fields;
• Φ[αβ] antisymmetric Sp (m) fields;
• Θiα fermionic fields.
To these are associated ghost fields
• d[ij]: fermionic SO (n) ghosts;
• c(αβ): fermionic Sp (m) ghosts;
• ηiα: bosonic ghosts
The BRST transformations read
sΘiα = cαβε
βγΘiγ + dijδ
jkΘkα + ηiβε
βγΦγα + ηjαδ
jkΛki ,
sΛ(ij) = η(i|αεαβΘ j)β + d(i|kδklΛl|j) ,
sΦ[αβ] = ηi[α δ
ijΘj|β] + c[α|γεγδΦδ|β] . (2.167)
In order to construct a gauged principal chiral model, we introduce the following gauge fields
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• A[ij]: antisymmetric SO (n) gauge fields;
• A(αβ): symmetric Sp (m) gauge fields;
• Aiα: fermionic gauge fields.
Their associated field strengths are
F[ij] = ∂A¯ij − ∂¯Aij +A[i|bδbcA¯c|j] +
−A¯[i|bδbcAc|j] +A[i|αεαβA¯ j]β − A¯[i|αεαβA j]β ,
F(αβ) = ∂A¯αβ − ∂¯Aαβ +A(α|γεγδA¯δ|β) +
−A¯(α|γεγδAδ|β) +Ai(α δijA¯j|β) − A¯i(α δijAj|β) ,
Fiα = ∂A¯iα − ∂¯Aiα +AijδjkA¯kα +
−A¯ijδjkAkα +AαγεγδA¯iδ − A¯αγεγδAiδ . (2.168)
2.4.5 Construction Method
The lagrangian for the coset model is constructed starting from the whole modelOSp (m|n) lagrangian. The
supergroup representative L is
L =
(
Λij Θ
i
α
Θαj Φ
α
β
)
. (2.169)
The vielbein are obtained expanding L−1∂L into the generators of the superalgebra osp (m|n). Our final
aim is the fermionic coset, so the vielbeins are the off-diagonal part of L−1∂L: V aα and V αa. We get
V aα = A
a
i∂Θ
i
α +B
a
γ∂Φ
γ
α ,
V αa = C
α
i∂Λ
i
a +D
α
γ∂Θ
γ
a , (2.170)
where
Aai =
[
Λi j −Θi β
[
Φγβ
]−1
Θγj
]−1
δaj ,
Baγ = −AaiΘiβ
[
Φαβ
]−1
,
Cαi = −DαγΘγj
[
Λij
]−1
,
Dαβ =
[
Φβγ −Θβj
[
Λij
]−1
Θiγ
]−1
αγ . (2.171)
The lagrangian for the coset is made of two pieces. The first one is the contraction of the vielbeins by the
Killing metric and it produces the kinetic term for the fields Θ, Λ and Φ. The second term deals with the
so-called Plu¨cker relations as constraints. By solving them we re-express the bosonic fields as functions of
Θ and the purely-fermionic coset model is reproduced.
The first term is
LV = V αiδijεαβV βj + V iαδijεαβV jβ . (2.172)
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And the second one is:
LP = α(ij)
(
Λikδ
klΛlj −ΘiαεαβΘjβ − δij
)
+
+β[αβ]
(
Φαγε
γδΦδβ −ΘiαδijΘjβ − εαβ
)
+
+γiα
(
Λikδ
klΘkα + Φαβε
βγΘiγ
)
. (2.173)
The constraints imply
ΛIJ =
√
δIJ + ΘIαεαβΘJβ ,
Φαβ =
√
εαβ + ΘIαδIJΘJβ . (2.174)
It can be shown that substituting them into (2.172) will recover the original lagrangian (2.92). TheOSp(m|n)/SO(n)×
Sp(m) lagrangian is then
L0 = LV + LP . (2.175)
2.4.6 T-duality
In order to construct the T-dual model we gauge the whole isometry group. We introduce then the covariant
derivatives defined as
∇Θiα = ∂Θiα −AijδjkΘkα −AαβεβγΘiγ +
−AiβεβγΦγα −AjαδjkΛki ,
∇Λ(ij) = ∂Λ(ij) −A(i|αεαβΘ|j)β −A(i|kδklΛl|j) ,
∇Φ[αβ] = ∂Φ[αβ] −Ai[α|δijΘj|β] −A[α|ρερσΦσ|β] , (2.176)
and we add the field strengths (2.168) as Chern-Simons terms
LD = iθiαFiα + iλ[ij]F[ij] + iφ(αβ)F(αβ) . (2.177)
Now, we set Θiα = 0 adding to the lagrangian the BRST gauge fixing condition
LBRST1 = s
[
c¯iαΘiα
]
, (2.178)
where sc¯iα = biα and sbiα = 0. Solving the Plu¨cker constraint, we get Λij = δij and Φαβ = εαβ . This
simplifies the functions (2.171)
Aai = δ
a
i, B
a
γ = 0, C
α
i = 0, D
α
β = ε
α
β . (2.179)
The lagrangian is then
Lgf1 = AiαδijεαβA¯jβ + LD . (2.180)
We can now perform another gauge fixing. We can set, analogously to (2.178)
A¯ij = 0, A¯αβ = 0 , (2.181)
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notice that this gauge fixing does not imply Aij = 0 and Aαβ = 0. Then, (2.180) becomes
Lgf2 =
[(
δtlετλ + 2iλ[tl]ετλ + 2iφ(τλ)δtl
)
Atτ+
−i∂θlλ + iθiλA[ij]δjl + iθlαA(αγ)εγλ
]
A¯lλ +
+i∂¯θiαAiα + i∂¯λ
[ij]Aij + i∂¯φ
(αβ)Aαβ . (2.182)
We now compute the EoM for A¯iα
Aiα = iΞil αλ
(
+∂θlλ − θcλAcjδjl − θlβAβγεγλ
)
, (2.183)
where Ξrmρµ is defined as follows
Ξil αλ = δirεαρΞ
rmρµδmlεµλ , (2.184)
and
Ξrmρµδmlεµλ
(
δtlετλ + 2iλ[tl]ετλ + 2iφ(τλ)δtl
)
= δrtερτ . (2.185)
Substituting (2.183) in (2.182) we obtain a first version of the dual lagrangian
LDual0 = −∂¯θiαΞil αλ∂θlλ +
+i∂¯θiαΞil αλ
(
θkλA[kj]δ
jl + θlνA(νγ)ε
γλ
)
+
+i∂¯λ[ij]Aij + i∂¯φ
(αβ)Aαβ . (2.186)
We notice that in 2-dimensions the gauge fields A are not dynamics. Therefore we can integrate them and
take their EoM’s as constraints. The dual model then is composed by a lagrangian
LDual = −∂¯θiαΞil αλ∂θlλ , (2.187)
and two constraints 
∂¯λ[ij] + ∂¯θkαΞkl αλθ
[i|λδ j]l = 0 ,
∂¯φ(αβ) + ∂¯θkγΞkl γλθ
l(α|εβ)λ = 0 .
(2.188)
The fields λ[ij] and φ(αβ) are expressed in term of θiα. The EoM’s for λ[ij] and φ(αβ) can be constructed by
recursive application of ∂ and ∂¯ to the constraints (2.188).
2.4.7 Analysis
To study the lagrangian (2.187) and the constraints (2.188) we can expand over small λ and φ. Using defini-
tion (2.185) we compute the first order of Ξrmρµ
Ξrmρµ ∼ −δrmερµ − 2iλ[rm]ερµ − 2iφ(ρµ)δrm . (2.189)
We obtain then
LDual ∼ ∂¯θiαδijεαβ∂θjβ + 2i∂¯θiαδirλ[rm]δmlεαλ∂θlλ +
+ 2i∂¯θiαδilεαρφ
(ρµ)εµλ∂θ
lλ , (2.190)
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and 
∂¯λ[ij] = −∂¯θ[i|γεγδθ j]δ ,
∂¯φ(αβ) = −∂¯θc(α δcdθd|β) .
(2.191)
The two interacting terms of (2.190) can be rewritten as
∂¯θiαδirλ
[rm]δmlεαλ∂θ
lλ = −θiαδir∂¯λ[rm]δmlεαλ∂θlλ +
−θiαδirλ[rm]δmlεαλ∂¯∂θlλ + total derivative . (2.192)
The last term vanishes on-shell for the EoM of θ (i.e. ∂¯∂θlλ = 0). Therefore, it can be absorbed by a field
redefinition and we can neglect this kind of term. The lagrangian becomes
LDual ∼ ∂¯θiαδijεαβ∂θjβ − 2iθiαδir∂¯λ[rm]δmlεαλ∂θlλ +
− 2iθiαδilεαρ∂¯φ(ρµ)εµλ∂θlλ . (2.193)
Substituting the two constraints (2.191)
LDual ∼ ∂¯θiαδijεαβ∂θjβ + 2iθiαδir∂¯θ[r|γεγδθm]δδmlεαλ∂θlλ +
+ 2iθiαδilεαρθ¯
c(ρ δcdθ
d|µ)εµλ∂θlλ . (2.194)
We obtain the following 4-θ terms
LDual
∣∣
4θ
= 2iθaαθbβ ∂¯θcγ∂θdδ (2δacδbdεαδεβγ − δabδcdεαδεβγ − δadδbcεαβεγδ) ,
and this is exactly the same expression for the 4-θ term of the original model (2.93).
Notice that we neglected some terms proportional to the equations of motion. That is allowed at the
classical level, but at the quantum one some suitable field redefinitions must be performed to achieve the
equivalence. Indeed we check at one loop such field redefinitions.
2.4.8 Fibration and T-duality
Finally, we treat a further example where the T-duality can be done as outlined in sec. 2.1.2 for a fermionic
model. This model is obtained adding to every point of a base space a vectorial space (a fiber). This can be
done adding at the metric of the base space a term like
∇ψ1 ∧ ∗∇ψ2 , (2.195)
where
dψ → ∇ψ = dψ +B , (2.196)
B is the connection from the various fibers and it depends only by the coordinates of the basic space. We
use this method in the case of OSp(1|2)/Sp(2) and we get (we consider only the lagrangian density for
simplicity)
L2 ∝ (1 + θ1θ2) dθ1 ∧ ∗dθ2 −→ L4 ∝ (dψ3 +B3) ∧ ∗ (dψ4 +B4) + L2 . (2.197)
The most general form of the connection is the following
Bi = (a+ bθ1θ2) dθi . (2.198)
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The new model has four fermionic coordinates and has two translational isometries, as inOSp(2|2)/SO(2)×
Sp(2), so the procedure is the same: we introduce the gauge fields, we set the coordinates to zero, we sum
the 2-forms and finally we calculate the equation of motion, from which we have
{
A4 = −B4 − 1detγ ∗ dψ˜4 ,
A3 = −B3 + 1detγ ∗ dψ˜3 .
(2.199)
Notice that in contrast to the example given in sec 2.3.2 we do not need to modify the action to solve the
equations. The dual model is then
L4Dual ∝ 1detγ dψ˜3 ∧ ∗dψ˜4 + (1 + θ1θ2) dθ1 ∧ ∗dθ2 + dψ˜3 ∧B4 +B3 ∧ dψ˜4 . (2.200)
We shall calculate the curvature components for both the models obtained (the original (2.197) and the T-dual
(2.200)), without considering topological terms. However, it seems that does not exist a trivial connection
between the two curvatures.
Chapter 3
Quantum Analysis for OSp(n|m)
SO(n)×Sp(m) models
3.1 One Loop Computation
In this section we compute the 1-loop correction to θθ propagator from the 2-parameter dependent model
derived in sec. 2.2.3. As told in [24], OSp (n|m) has vanishing β-function (i.e. UV-finiteness) at least at
1-loop ifm+ 2−n = 0. We expect the same behavior also for the associated purely fermionic coset model.
3.1.1 Propagator and Vertex
The θθ propagator is obtained from L0 defined in (2.102) using the usual Green-functions method. We have
that
P abαβ(p) =
εβαδ
ab
p2
, (3.1)
where p is the 2d-entering momentum. The 4-vertex is obtained from (2.107) symmetrizing the fermionic θ
legs (which are labelled by A,B,C,D)
V4θ = (4xpA · pB + 4xpA · pC + 4xpA · pD +
+4xpB · pC + 4xpB · pD + 4xpC · pD) δadδbcεαδεβγ +
+ (4pA · pB + 4ypA · pB + 2pA · pC + 4ypA · pC +
+2pA · pD + 4ypA · pD + 2pB · pC + 4ypB · pC +
+2pB · pD + 4ypB · pD + 4pC · pD + 4ypC · pD) δacδbdεαδεβγ +
+ (2pA · pB + 4ypA · pB + 4pA · pC + 4ypA · pC + 2pA · pD +
+4ypA · pD + 2pB · pC + 4ypB · pC + 4pB · pD +
+4ypB · pD + 2pC · pD + 4ypC · pD) δabδcdεαδεβγ +
+ (−4pA · pB − 4ypA · pB − 2pA · pC − 4ypA · pC +
−2pA · pD − 4ypA · pD − 2pB · pC − 4ypB · pC − 2pB · pD +
−4ypB · pD − 4pC · pD − 4ypC · pD) δadδbcεαγεβδ +
+ (−4xpA · pB − 4xpA · pC − 4xpA · pD +
−4xpB · pC − 4xpB · pD − 4xpC · pD) δacδbdεαγεβδ +
+ (−2pA · pB − 4ypA · pB − 2pA · pC − 4ypA · pC +
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−4pA · pD − 4ypA · pD − 4pB · pC − 4ypB · pC − 2pB · pD +
−4ypB · pD − 2pC · pD − 4ypC · pD) δabδcdεαγεβδ +
+ (2pA · pB + 4ypA · pB + 4pA · pC + 4ypA · pC + 2pA · pD +
+4ypA · pD + 2pB · pC + 4ypB · pC + 4pB · pD + 4ypB · pD +
+2pC · pD + 4ypC · pD) δadδbcεαβεγδ +
+ (2pA · pB + 4ypA · pB + 2pA · pC + 4ypA · pC + 4pA · pD +
+4ypA · pD + 4pB · pC + 4ypB · pC + 2pB · pD + 4ypB · pD +
+2pC · pD + 4ypC · pD) δacδbdεαβεγδ +
+ (4xpA · pB + 4xpA · pC + 4xpA · pD + 4xpB · pC +
+4xpB · pD + 4xpC · pD) δabδcdεαβεγδ .
(3.2)
Notice that the dot product refers to the world-sheet metric γij contraction
pA · pB = [pA]i γij [pB]j .
3.1.2 1-Loop Self Energy
The 1-loop correction to propagator is obtained contracting the 4θ vertex (3.2) with the propagator (3.1)
pA→ → pB
pCpD
→ →
Moreover, we impose the following momentum redefinitions
pA = p , pB = −p ,
pC = −q , pD = q . (3.3)
We obtain then
Γ = −4(−2 +m− n− 2x+mnx+ 2y(−1 +m− n))δabεαβ
∫
d2q
(
p2 + q2
)
q2
. (3.4)
We add to the lagrangian a mass term in order to avoid IR-divergences
L −→ L+M2θαa εαβδabθβb , (3.5)
then, the propagator (3.1) becomes
P stστ (q) =
εστ δ
st
q2 +M2
. (3.6)
Notice that setting x = 0 and y = −23 , which leads to the vertex obtained in sec. 2.2.2, we have
Γ =
4
3
(2 +m− n)δabεαβ
∫
d2q
(
p2 + q2
)
q2 +M2
. (3.7)
It is easy to show that this is the only choice of x and y that leads to a 1-loop correction depending by
2 +m− n. This vertex is obtained from the following lagrangian term
L∣∣
4θ
= θαa θ
β
b ∂µθ
γ
c ∂
µθδd
(
−2δacδbdεαδεβγ + δabδcdεαδεβγ + δadδbcεαβεγδ
)
, (3.8)
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as in sec. 2.2.2.
It is useful to introduce the following pictorial convection:
-- -- - -
L∣∣
4θ
= −2 θ θ ∂θ ∂θ + θ θ ∂θ ∂θ + θ θ ∂θ ∂θ ,
where the upper arrow line contracts the Sp indices while the lower simple line contracts the SO ones. Notice
that this vertex is exactly the same found via the vielbein construction method (2.93).
3.2 Two Loop Computation with BFM
3.2.1 Outline of the Method
The background field method (BFM) is a powerful tool that allows various simplifications to compute 1PI
Green’s functions [59]. Here we briefly review the foundations of the method.
Consider the generating functional for connected graphs
W [J ] = −i ln
∫
DΦ exp {iS [Φ] + iJ · Φ} , (3.9)
where J is the classic source of the field Φ. We now split the Φ in a background field B and in a quantum
one ϕ, for example through a linear splitting Φ = B+ϕ. The background fieldB is seen as another classical
source. We have then
W˜ [J,B] = −i ln
∫
Dϕexp {iS [B + ϕ] + iJ · ϕ} , (3.10)
where J is now the source of the quantum field ϕ. Notice that δnδBn W˜
∣∣
B=J=0
gives the n-point connected
Green functions with only external B fields while with δnδJn W˜
∣∣
B=J=0
we obtain the n-points connected
Green functions with external ϕ fields.
The 1-particle irreducible (1PI) functional generator is defined as
Γ [Q] = W [J ]−QJ , (3.11)
where Q = δWδJ . In presence of the background field splitting, it becomes
Γ˜
[
Q˜, B
]
= W˜ [J,B]− Q˜J , (3.12)
with Q˜ = δW˜δJ .
Notice that there is a class of transformations of the quantum and background fields that preserve the
lagrangian. If the splitting is linear Φ = B + ϕ the 1PI generating functional Γ˜ is invariant under the
following transformations
B → B + η ϕ→ ϕ− η . (3.13)
Notice that from the definition of Γ, Q˜ transforms as ϕ. Then, we shall write
0 = δ = δQ˜
δΓ˜
δQ˜
+ δB
δΓ˜
δB
. (3.14)
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Further differentiations give the Ward identities between n-point 1PI Green’s function. These observations
yield
Γ˜
[
Q˜, B
]
= Γ
[
Q˜+B
]
, (3.15)
and setting Q˜ = 0 we have
Γ˜ [0, B] = Γ [B] , (3.16)
thus, the 1PI Green functions of the original field theory obtained differentiating the r.h.s. functional genera-
tor are computed by the 1PI Green functions with only external background legs derived from l.h.s. generator.
3.2.2 BFM Lagrangian
We define the group elements as
g = g0e
λX , (3.17)
where g0 is the background field and X is an element of the coset Lie algebra ( X ∈ g/h). Notice that λ is
a coupling constant. We can write the left-invariant 1-form current as the following
J˜µ = g
−1∂µg = e−λXBµeλX + e−λX∂µeλX =
= Bµ + λ [Bµ , X] +
λ2
2
[[Bµ , X] , X] + λ∂µX +
λ2
2
[∂µX , X] +
+
λ3
3!
[[[∂µX,X] , X]X] +
λ4
4!
[[[[∂µX,X] , X] , X] , X] + . . . , (3.18)
where Bµ = g−10 ∂µg0.
The action is then obtained via the principal chiral sigma model construction
∫
Str
(
J˜µJ˜νη
µν
)
SG/H =
1
2piλ2
∫
Str
(
e−λXBµeλX
∣∣∣
g/h
+ e−λX∂µeλX
∣∣∣
g/h
)2
. (3.19)
The total current J˜µ can be expanded in term of algebra generators. Considering the Z2-grading of the
fermionic coset algebra and the (anti-)commutation relations we can divide J˜µ = J˜0µ + J˜1µ where
h 3 J˜ (0)µ = B(0)µ + λ
[
B(1)µ , X
]
+
λ2
2
[[
B(0)µ , X
]
, X
]
+
λ2
2
[∂µX , X] + . . .
g
h
3 J˜ (1)µ = B(1)µ + λ
[
B(0)µ , X
]
+
λ2
2
[[
B(1)µ , X
]
, X
]
+ λ∂µX + . . . (3.20)
Notice that B(1)µ is the fermionic background field and B(0)µ is the bosonic one. The coset formalism allows
us to neglect the bosonic current J˜ (0) and all the bosonic contributions (obtained from commutators). The
only term which survives is then
g
h
3 J˜ (1)µ = B(1)µ +
λ2
2
[[
B(1)µ , X
]
, X
]
+ λ∂µX +
λ3
3!
[[∂µX,X] , X] + . . . (3.21)
The action is then computed from the following
1
2piλ2
∫
Str
(
J˜ · J˜
)
= Str
(
J˜ (1) · J˜ (1)
)
. (3.22)
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We use (3.18) and the cyclic property of the supertrace to compute (3.19)
SG/H =
1
2piλ2
∫
Str
(
B(1) ·B(1) + 2λB(1) · ∂X + λ2∂X · ∂X+
+
2λ3
3!
B(1) · [[∂X,X] , X] + λ3
[[
B(1), X
]
, X
]
∂X +
+
2λ4
3!
[[∂X,X] , X] ∂X + λ2B(1)
[[
B(1), X
]
, X
]
+
λ4
4 · 3B · [[[[B,X] , X] , X] , X] +
λ4
4
[[B,X] , X] [[B,X] , X]
)
=
=
1
2piλ2
∫
Str
(
B(1) ·B(1) + 2λB(1) · ∂X + λ2∂X · ∂X+
+
4
3
λ3B(1) [[∂X,X] , X] +
+
2λ4
3!
[[∂X,X] , X] ∂X + λ2B(1)
[[
B(1), X
]
, X
]
+
λ4
4 · 3B · [[[[B,X] , X] , X] , X] +
λ4
4
[[B,X] , X] [[B,X] , X]
)
.
(3.23)
3.2.3 Feynman Rules
We now obtain the Feynman rules for the propagators and for the basic vertex in (3.23). Further details
are in app. F. We expand X and the background current on the fermionic generators X = θαaQaα ∈ g/h ,
B
(1)
µ = B
(1)α
µ a Qaα.
To compute the XX propagator we extract the quadratic operator from the lagrangian as follows
L = 1
2
εβγδ
bcθβbθ
γ
c ⇒ O = 4εβγδbc . (3.24)
Notice that a factor 2 comes from the supertraces (A.3) and the other is due to (F.2). Then we define the
propagator ∆ as
O (p) ∆ (p) = 1 . (3.25)
We obtain (we omit the metrics)
4γµνpµpν∆ = 1 . (3.26)
The full propagator is finally
∆βγcb (θ) = +
1
4
εγβδcb
p2
. (3.27)
With this set of conventions (no i for the propagator and no−i for the vertex and the (3.25)), 2-point functions
are simply defined as 1∆ . Then the θθ 2-point function is
δ2Γ
δθβb (p) δθ
γ
c (−p)
= +4p2εβγδ
bc . (3.28)
The BB 2-point function is
δ2Γ
δB βµb (p) δB
γ
νc (−p)
= +4λ−2γµνεβγδbc . (3.29)
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The simplest vertex we found in (3.23) is 2λStr(B · ∂Q). It corresponds to the following Feynman rule
δ2Γ
δB βµb (p) δθ
γ
c (−p)
= 4λ−1εβγδbc (−i) qµ =
= −4iλ−1εβγδbc (−pµ) =
= 4iλ−1εβγδbcpµ . (3.30)
We compute now the 4-legs vertex Str
(
B(1)
[[
B(1), X
]
, X
])
. Recalling the (anti)commutator rules (A.1),
we can write the vertex as follows
Str
(
B(1),
[[
B(1), X
]
, X
])
= B(1)αµa B
(1)β
ν b θ
γ
c θ
δ
d ×
×
(
−δbcεδβStr
(
QaαQ
d
γ
)
− δbcεδγStr
(
QaαQ
d
β
)
+
+δcdεβγStr
(
QaαQ
b
δ
)
− δbdεβγStr (QaαQcδ)
)
. (3.31)
Using the relations (A.3) we obtain that
B(1)αµa B
(1)β
ν b γ
µνθγc θ
δ
d ×
×2
(
−2εαδεβγδacδbd + εαδεβγδabδcd + εαβεγδδbcδad
)
. (3.32)
Notice that we treat Bµ as a vectorial field. So we do not associate any momentum. To obtain the Feynman
rules we go in the momentum frame (∂µ → −ipµ) and we perform all the possible permutations of indis-
tinguishable quantum legs. We obtain the following expression (we consider also the constant in the action
(3.23) but we skip the (2pi)−1 factor)
[BBXX]abcdαβγδ .µν = V
[2] =
=
[
−4δacδbdεαδεβγ + 2δabδcdεαδεβγ + 4δadδbcεαγεβδ+
−2δabδcdεαγεβδ + 2δadδbcεαβεγδ + 2δacδbdεαβεγδ
]
γµν . (3.33)
where Ki are the momenta associated with the background fields. Notice that we define V [i] as the vertex
obtained symmetrizing only the metric term, without constants. The explicit structure for all the derived
terms V [i] are in app. G. In the same way we now compute the BXXX term Str
(
B(1) [[∂X,X] , X]
)
. The
lagrangian term gives
B(1)αµa ∂νθ
β
b γ
µνθγc θ
δ
d ×
×2
(
−2εαδεβγδacδbd + εαδεβγδabδcd + εαβεγδδbcδad
)
. (3.34)
Performing the symmetrization we have
[BXXX]abcdαβγδ µ = −i
4λ
3
[
V [3]
]
µ
. (3.35)
We determine the XXXX vertex. From the lagrangian we have1
∂µθ
α
a ∂νθ
β
b γ
µνθγc θ
δ
d 2×
×
(
−2εαδεβγδacδbd + εαδεβγδabδcd + εαβεγδδbcδad
)
. (3.36)
1Notice that this vertex shall be written as 3.8.
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The final term is then
[XXXX]abcdαβγδ = −
1
3
λ2V [4] . (3.37)
Finally, we calculate the BBXXXX vertex. As usual, from the lagrangian we get
BαµaB
β
ν bγ
µνθγc θ
δ
dθ
ρ
rθ
σ
s ×
×
(
−6δacδbsδdrεασεβρεγδ + 6δacδbdδrsεασεβρεγδ + 6δacδbrδdsεαρεβσεγδ+
+6δacδbrδdsεαδεβσεγρ − 6δacδbsδdrεαδεβρεγσ + 6δacδbdδrsεαδεβρεγσ+
+2δacδbrδdsεασεβγεδρ − 2δabδcrδdsεασεβγεδρ − 2δacδbdδrsεασεβγεδρ+
+2δabδcdδrsεασεβγεδρ + 6δ
asδbrδcdεαγεβσεδρ − 6δadδbrδcsεαγεβσεδρ+
−2δarδbcδdsεαγεβσεδρ + 2δadδbcδrsεαγεβσεδρ − 2δarδbcδdsεαβεγσεδρ+
+2δadδbcδrsεαβεγσεδρ − 2δacδbsδdrεαρεβγεδσ + 2δabδcsδdrεαρεβγεδσ+
−6δarδbsδcdεαγεβρεδσ + 6δadδbsδcrεαγεβρεδσ + 2δasδbcδdrεαγεβρεδσ+
−6δadδbcδrsεαγεβρεδσ + 6δabδcdδrsεαγεβρεδσ + 2δasδbcδdrεαβεγρεδσ+
−2δacδbsδdrεαδεβγερσ + 2δabδcsδdrεαδεβγερσ − 6δacδbrδdsεαδεβγερσ+
−6δasδbrδcdεαγεβδερσ + 6δadδbrδcsεαγεβδερσ + 2δasδbcδdrεαγεβδερσ+
+2δasδbcδdrεαβεγδερσ + 6δ
acδbrδdsεαβεγδερσ
)
. (3.38)
The final result is
[BBXXXX]abcdrsαβγδρσ =
λ2
12
V [6] . (3.39)
3.2.4 Wick Theorem
Now that we have derived all the Feynman rules (summarized in app. G), we compute the Wick theorem for
all the diagrams we are interested to. The first computation will clarify the method.
• 1-loop BB:
BABB BaBbθcθdV
[2]
[abcd] = −θcθdV
[2]
[ABcd] = −V
[2]
[ABcc] , (3.40)
the notation used is: V i indicates the vertex with i quantum legs, capital latin index {A,B, . . . } labels
the external fields and small latin index {a, b, . . . } the internal ones. Contractions between legs are
performed using both SO and Sp metrics.
• 1-loop BX:
Analogously, we obtain
BAθB BaθbθcθdV
[3]
[abcd] = −V
[3]
[ABcc] . (3.41)
• 1-loop XX:
Again
θAθB θaθbθcθdV
[4]
[abcd] = −V
[4]
[ABcc] . (3.42)
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• 1-loop BBXX = BBXX ×XXXX:
This computation is more complicated
BABBθCθD BaBbθcθdV
[2]
[abcd] θeθfθgθhV
[4]
[efgh] =
= BBθCθD
(
−BbθcθdV [2][Abcd] θeθfθgθhV
[4]
[efgh]
)
=
= BBθD
(
−BbθcθdV [2][Abcd] θfθgθhV
[4]
[Cfgh]
)
=
= θD
(
+θcθdV
[2]
[ABcd] θfθgθhV
[4]
[Cfgh]
)
=
=
(
+θcθdV
[2]
[ABcd] θgθhV
[4]
[CDgh]
)
=
= −V [2][ABcd]V
[4]
[CDcd] . (3.43)
• 1-loop BBXX = BXXX ×BXXX:
BABBθCθD BaθbθcθdV
[3]
[abcd] BeθfθgθhV
[3]
[efgh] =
= BBθCθD
(
θbθcθdV
[3]
[Abcd]BeθfθgθhV
[3]
[efgh] −BaθbθcθdV
[3]
[abcd]θfθgθhV
[3]
[Afgh]
)
=
= · · · =
= 2V
[3]
[ACrs]V
[3]
[BDrs] − 2V
[3]
[ADrs]V
[3]
[BCrs] . (3.44)
• 1-loop BBXX = BBXXXX:
BABBθCθD BaBbθcθdθeθfV
[6]
[abcdef ] = −V
[6]
[ABCDee] . (3.45)
• 2-loops BB = BBXX ×XXXX:
BABB BaBbθcθdV
[2]
[abcd] θeθfθgθhV
[4]
[efgh] = +V
[2]
[ABrs]V
[4]
[rsgg] . (3.46)
• 2-loop BB = BXXX ×BXXX:
BABB BaθbθcθdV
[3]
[abcd] BeθfθgθhV
[3]
[efgh] = −2V
[3]
[Abcd]V
[3]
[Bbcd] . (3.47)
• 2-loop BB = BBXXXX:
BABB BaBbθcθdθeθfV
[6]
[abcd] = −V
[6]
[ABccee] . (3.48)
3.2.5 Non Linear Splitting and Ward Identities
As already discussed in sec. 3.2.1, the BFM is implementated by some Ward identities. In the present model
the splitting (3.17) is non linear and the fields transformations which make the 1PI functional generator
invariant are not trivial. To find them we choose a simple transformation for one of the two fields and derive
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the transformation law for the other one imposing the invariance of the action. We set the linear field X
transforming linearly
X → X + η ⇒ eλX → eλ(X+η) . (3.49)
Obviously, with this notation we intend that the true field θαa transform linearly. Notice that for the action to
be invariant it is enough that the group element or, simpler, the left invariant 1-form is invariant. Considering
the λ power expansion, B becomes
B → B + λδB[1] + λ2δB[2] + . . . . (3.50)
To find the various δB[i] we impose the invariance of J˜ (1) (3.21) under the transformation (3.49) and (3.50).
We obtain
δB
[1]
µ = −∂µη ,
δB
[2]
µ = −12 ([[B , η] , X] + [[B , X] , η] + [[B , η] , η]) ,
(3.51)
that is
δB[2]µ = B
τ
µt θ
λ
l η
ρ
r Ω
rlt σ
τρλ sQ
s
σ +B
τ
µt η
λ
l η
ρ
r Ωˆ
rlt σ
τρλ sQ
s
σ , (3.52)
where
Ωrlt στρλ s = +
1
2
ετρδ
rlε σλ δ
t
s − ετρδtlε σλ δrs − ελτδtrε σρ δls +
−1
2
ελρδ
trε στ δ
l
s −
1
2
ετλδ
lrε σρ δ
t
s +
1
2
ερλδ
tlε στ δ
r
s , (3.53)
and
Ωˆrlt στρλ s = −
1
2
ετλδ
lrε σρ δ
t
s +
1
2
ετλδ
trε σρ δ
l
s +
+
1
2
ερτδ
tlε σλ δ
r
s +
1
2
ερλδ
tlε στ δ
r
s . (3.54)
As we mentioned in sec. 3.2.1, if the lagrangian is invariant under the simultaneous transformations
(3.49) and (3.51), the 1PI functional generator satisfies the following relation
δΓ˜ = 0⇒ δBµ (x) δΓ˜
δBµ (x)
+ η (x)
δΓ˜
δX˜ (x)
= 0 , (3.55)
where X˜ is the analogous of Q˜ defined in sec. 3.2.1. Obviously this equation must hold for every power of
λ. If we derive (3.56) by B or X˜ we obtain relations between 1PI Green functions: the Ward Identities.
We consider only δBµ = λδB
[1]
µ = −λ∂µη. We get
− λ∂[x]η (x) δΓ˜
δBµ (x)
+ η (x)
δΓ˜
δX˜ (x)
= 0 . (3.56)
We now perform a Fourier transformation, recalling that
∂µ → −ipµ , (3.57)
we obtain, simplifying η, the following functional equation
iλpµ
δΓ˜
δBµ (p)
+
δΓ˜
δX˜ (p)
= 0 . (3.58)
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From this equation we shall obtain the Ward Identities differentiating by the fields B or X˜ . To be more
precise, we expand B or X˜ over the generators and we consider the fields B αµa and θ˜αa . We have
iλpµ
δ2Γ˜
δB βµb (p) δB
γ
νc (−p)
+
δ2Γ˜
δθ˜βb (p) δB
γ
νc (−p)
= 0 . (3.59)
In an analogous way we obtain a second Ward Identity
iλpµ
δ2Γ˜
δB βµb (p) δθ˜
γ
c (−p)
+
δ2Γ˜
δθ˜βb (p) δθ˜
γ
c (−p)
= 0 . (3.60)
Using relations (3.29),(3.30) and (3.28) we get
4ipµλ
−1εβγδbc − 4ipµλ−1εβγδbc = 0 ,
4(i)2p2εβγδ
bc + 4p2εβγδ
bc = 0 . (3.61)
Then, the 1-loop 2-legs first order Ward Identities are satisfied.
3.2.6 1-Loop Correction to 2-Legs Green Functions
We now construct the 1-loop diagram for the self-energy of the background fieldB(1)µ . The 1-loop correction
to the propagator is obtained contracting the indices c, d and γ, δ with the propagator (3.27) and integrating
over the loop momentum q. We obtain
ΓBB1loop µν =
(
1
4
)
(1)
(
−V [2][ABcc]
)
=
=
(
1
4
)
(1)
(
−4 (n−m+ 2) εαβδab
∫
ddq
1
q2
)
γµν =
= − (n−m+ 2) εαβδab
∫
ddq
1
q2
γµν . (3.62)
So, when m + 2 − n = 0 the 1 loop contribute is zero. In the same way we compute the 1-loop two point
function with one external leg B and one X . We contract the indices c, d and γ, δ of the term (3.35) with
(3.27)2
ΓBX1loop µ =
(
1
4
)(
−i4λ
3
)(
−V [3][ABcc]
)
=
=
(
1
4
)(
−i4λ
3
)(
4 (n−m+ 2) εαβδab
∫
ddq
1
q2
pµ
)
=
= −i4
3
λ (2 +m− n) εαβδab
∫
ddq
1
q2
pµ . (3.63)
Finally, we calculate the 1-loop self energy for the XX propagator. As usual we contract the indices δcdεδγ .
We obtain3
ΓXX1loop =
(
1
4
)(
−1
3
λ2
)(
−V [4][ABcc]
)
=
=
(
1
4
)(
−1
3
λ2
)(
4 (n−m+ 2) εαβδab
∫
ddq
p2 + q2
q2
pµ
)
=
= −1
3
λ2 (2 +m− n) εαβδab
∫
ddq
p2 + q2
q2
.
2Remember that B labels the external θ field and that we choose all the momenta as entering in the vertex.
3See note [2]
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To compute the UV-divergences we introduce a mass term (M2) associated to the θ field, as we have done
in sec. 3.1.2. The lagrangian is then modified, becoming
L = 1
2piλ2
Str
(
B(1) ·B(1) + 2λB(1) · ∂X + λ2∂X · ∂X+
+M2X ·X + 4
3
λ3B(1) [[∂X,X] , X] +
+
2λ4
3!
[[∂X,X] , X] ∂X + λ2B(1)
[[
B(1), X
]
, X
]
+
λ4
4 · 3B · [[[[B,X] , X] , X] , X] +
λ4
4
[[B,X] , X] [[B, x] , X]
)
, (3.64)
the new propagator is
∆βγcb (θ) =
1
4
εγβδcb
q2 +M2
. (3.65)
Using (E.2)-(E.6), we obtain
ΓBB1loop µν
∣∣∣
UV
= − (2 +m− n) εαβδab 2pi
ε
γµν , (3.66)
ΓBX1loop µ
∣∣∣
UV
= −i4
3
λ (2 +m− n) εαβδabpµ 2pi
ε
, (3.67)
and
ΓXX1loop
∣∣∣
UV
= −1
3
λ2 (2 +m− n) εαβδab 2pi
ε
(
p2 −M2) . (3.68)
From now on we set F = (m+ 2− n) and Fˆ = (m+ 2− n) 2piε . Then, skipping the metric terms
ΓBB1loop µν
∣∣∣
UV
= −Fˆ ,
ΓBX1loop µ
∣∣∣
UV
= −i4
3
λFˆpµ ,
ΓXX1loop
∣∣∣
UV
= −1
3
λ2Fˆ
(
p2 −M2) . (3.69)
3.2.7 Renormalization
In order to renormalize the theory we have to notice that
• we have to cancel the divergences from BB, Bθ and θθ 1-loop functions (3.69);
• to absorb such divergences we have to consider the following terms from the lagrangian (we miss the
coefficient (2pi)−1
1
λ2
εαβδ
abγµνBαaµB
β
b ν ,
2
λ
εαβδ
abγµνBαaµ · ∂θβb ν , εαβδabγµν∂θαaµ · ∂θβb ν ; (3.70)
• the classic field B should not be renormalized via the wave function renormalization;
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To perform the renormalization we introduce
λ = ZλλR , θ = Z
1/2
θ θR , (3.71)
where
Zx = 1 + λ
2
RδZx . (3.72)
The coefficient δZx is the counterterm. Notice that it is possible to perform the following expansion
1
λ2
→ 1
λ2R
1
1 + 2λ2RδZλ
=
1
λ2R
(
1− 2λ2RδZλ +O(λ4R)
)
. (3.73)
The first terms (3.70) of the lagrangian read
L = LR + δL =
=
1
λ2
(
1− 2λ2RδZλ
)
B ·B + 2
λR
(
1− λ2RδZλ
)
B · ∂θR
(
1 + λ2RδZθ
)1/2
+
+
(
1 + λ2RδZθ
)
∂θR · ∂θR =
=
1
λ2R
B ·Bβb +
2
λR
B · ∂θR + ∂θR · ∂θR +
−2δZλB ·B + 2λR
(
−δZλ + 1
2
δZθ
)
B · ∂θR + λ2RδZθ∂θR · ∂θR , (3.74)
where the · sign here implies the contraction between all the indices with the metrics εαβδabγµν . To absorb
the coefficients we construct the counterterm diagrams. Using the same rules we obtain
δBB = −4δZλ ,
δBX = 4iλ
(
−δZλ + 1
2
δZθ
)
pµ ,
δXX = 2λ2δZθ
(
p2 +M2
)
. (3.75)
In order to cancel the divergences (3.69) we have to solve the following equations
ΓBB1loop µν
∣∣∣
UV
+ δBB = 0 ,
ΓBX1loop µ
∣∣∣
UV
+ δBX = 0 ,
ΓXX1loop
∣∣∣
UV
+ δXX = 0 . (3.76)
We have then
δZλ = −1
4
Fˆ , δZθ =
1
6
Fˆ . (3.77)
3.2.8 2-Loop Correction to 2-Legs Green Function
We want to compute a more complicated diagram. The 1-loop 4B Green function is obtained from two
vertices V [2] but power counting assures that it is UV-finite. We shall then pass to 2-loop correction to 2-legs
Green function.
There are three diagrams which contribute to the 2-loop 2-point function
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, ,
The Wick theorem fixed the combinatorial coefficients.
First Diagram
To construct the first diagram we consider the BBXX and XXXX vertices
A
B
R
S
L
T
D
C
with the following conventions
KR = −q , KC = −k , KL = q ,
KS = q , KD = k , KT = −q . (3.78)
We obtain (
1
4
)3
(1)
(
−1
3
λ2
)(
+V
[2]
[ABrs]V
[4]
[rsgg]
)
=
= − 1
192
λ2
∫
dqdk
1
(q2 +M2)2 (k2 +M2)
(
+V
[2]
[ABrs]V
[4]
[rsgg]
)
=
= − 8
192
λ2 (2 +m− n)2
∫
ddqddk
1
(q2 +M2)2 (k2 +M2)
(
+V
[2]
[ABrs]V
[4]
[rsgg]
)
×
× (2pC · pD − pC · pL − pC · pT − pD · pL − pD · pT + 2pL · pT ) δabεαβ =
= − 8
192
λ2 (2 +m− n)2
∫
ddqddk
−2k2 − 2q2
(q2 +M2)2 (k2 +M2)
εαβ =
=
1
12
λ2 (2 +m− n)2
∫
ddqddk
k2 + q2
(q2 +M2)2 (k2 +M2)
εαβ . (3.79)
Second Diagram
The second diagrams is
L
C
D
A B
R
T
S
with the following conventions
KR = q , KC = q − p− k , KD = k ,
KL = −q , KS = p+ k − q , KT = −k . (3.80)
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We obtain (
1
4
)3(
−iλ4
3
)2 (
−2V [3][Abcd]V
[3]
[Bbcd]
)
=
=
1
18
λ2V
[3]
[Abcd]V
[3]
[Bbcd] =
= −72
18
λ2 (n+m (−1 + 2n))×
×
∫
ddqddk
(
k2 + 13p
2 + k (p− q)− pq + q2) δabεαβ
(q2 +M2)2 (k2 +M2)
(
(q − k − p)2 +M2
) . (3.81)
We shall use the results (E.8),(E.9),(E.11) to extract explicitly the UV divergent part
72
18
3
2
λ2 (m− n− 2mn)
∫
ddqddk
1
(q2 +M2) (k2 +M2)
+O (1) =
= 6λ2 (m− n− 2mn)
∫
ddqddk
1
(q2 +M2) (k2 +M2)
+O (1) . (3.82)
Third Diagram
The third diagrams is
A
R S
B
DC
with the following conventions
KR = k , KC = −q ,
KS = −k , KD = q . (3.83)
We obtain (
1
4
)2( 1
12
λ2
)(
−V [6][Abccdd]
)
=
= − 1
192
λ2V
[6]
[Abccdd] =
= − 96
192
λ2
(
4 +m2 +m (7− 8n)− 7n+ n2) ∫ ddqddk 1
(q2 +M2) (k2 +M2)
=
= −1
2
λ2
(
4 +m2 +m (7− 8n)− 7n+ n2) ∫ ddqddk 1
(q2 +M2) (k2 +M2)
. (3.84)
Results
To compute the total correction to BB 2-point function we combine the three partial results, obtaining
ΓXX2loop =
λ2
12
(m+ 2− n)
∫
ddqddk
1
(q2 +M2) (k2 +M2)
. (3.85)
This confirms the conformal property of OSp(m+ 2|m)/SO(m+ 2)× Sp(m) coset models at 2-loops.
Conclusions of Part I
We discuss some aspects of fermionic T-duality from the quantum point of view. For that purpose we decided
to adopt the fermionic cosets introduced in [3] as a new limit of the AdSn × Sm string theory models as a
playground. They have the advantage that the large amount of isometries permits an easy, even though not
straightforward, computation of the quantum corrections at higher loops. In addition, for that model we can
easily point out some of the obstructions in the T-dual construction.
We start by considering three different techniques to build this coset models based on the underlying
superalgebra, on the nilpotency of the supercharges in terms of vielbeins and connections. In particular
we discuss the pricipal σ-model based on orthosymplectic group OSp(n|m). We discuss the constraints
to be satisfied for having a T-duality in the conventional sense (namely by gauging the isometry group and
then eliminating the original coordinates in terms of the Lagrange multipliers) and we show that for the
fermionic T-duality there might be some obstructions due to anticommuting nature of the fundamental fields.
Nonetheless, we propose a new technique based on non-abelian T-duality derived in [17]. We show that it is
possibile to construct the T-dual for all the models proposed and we give a recipe to compute the quantum
corrections. Moreover, we derived the simplest terms for the dual lagrangian and we found they possess the
same structure of the original model.
In the second chapter of the Thesis, we use two different methods to compute the corrections to the
action. Using the first method, we are able to compute the first loop corrections finding that they vanish
if the relation between the dimensions of the bosonic subgroups SO(n) and Sp(m) is n = m + 2. This
condition guarantees that the supergroup, viewed as a supermanifold, is a super Calabi-Yau and that implies
the conformal invariance of the principal σ-model (as discussed also in [24]). Using the BFM, we are able
to push it to two-loops confirming the result at one-loop.
There are several open issues that are not discussed in the present work and presently are under investiga-
tion: 1) is it possibile to extend the well-known result of [26] and [60] to all orders also for orthosymplectic
groups? 2) is it possible to extend the fermionic T-duality to other models by overpassing the obstruction
discussed? 3) do the WZW models presented in [61, 62, 63] can be T-dualized? 4) how does the T-duality
survive the quantum corrections?
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Part II
Supersymmetric Fluid Dynamic

Chapter 4
Supersymmetric Fluid Dynamics from
Black Hole Superpartners
4.1 Review of Relativistic Fluid Dynamics
In this section we briefly review the main concepts of relativistic fluid dynamics [67, 68, 37, 38, 69]. After
a general introduction, we focus on conformal fluids.
Hydrodynamics can be interpreted as an effective long–distance description for a given classical or quan-
tum many–body system at non–zero temperature. Any interacting system is characterized by an intrinsic
length scale: the mean free path length lmfp which is, in kinetic theory, the distance of free motion of the
particles between two successive interactions. In the hydrodynamic limit we consider a scale L much larger
than lmfp and this means that in a small region (compared to L) of our system the constituents interact by
themselves several times and therefore they thermalize locally. For this reason we can treat the long–distance
system as a fluid and we can study it by the analysis of thermodynamical quantities and the laws of hydrody-
namics.
We refer to relativistic hydrodynamics when the microscopic components of the fluid are constrained
by Lorentz symmetry, as in relativistic quantum field theories. Thus, the subject of study of relativistic
hydrodynamics is not limited to collective motion of particles which move with speed similar to light.
Due to the presence of dissipative terms, hydrodynamics is generally formulated not by an action prin-
ciple but by the analysis of equations of motion.1 To determine these equations, we consider the Noether
currents associated with the symmetries. In relativistic systems the symmetries are given by translations,
boost, rotations and eventually by some internal symmetries. Therefore, the equations of motion for rela-
tivistic hydrodynamics are simply the conservation equations of the currents associated to these symmetries,
i.e. the energy–momentum tensor Tµν , the “angular momentum” Mµνρ = xµT νρ − xνTµρ and the in-
ternal currents JµI . Notice however that the conservation ∇ρMµνρ follows from the conservation of the
energy–momentum tensor. Hence the whole dynamical content of hydrodynamics is encoded in the request
of conservation of energy–momentum tensor Tµν and charge currents JµI
∇µTµν = 0 , ∇µJµI = 0 , (4.1)
where I = {1, · · · } labels the charges which characterise the fluid. Focusing on the energy–momentum
tensor, note that in d dimension the number of components of Tµν is 12d(d + 1) and then for d > 2 the
1We briefly discuss the action principle for non–dissipative hydrodynamics in sec. 7.1.
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variables are more than the equations, which are d. To close the system of equations, we need to reduce the
number of independent components of Tµν . As we have already stressed out, if the perturbations are larger
than lmfp, the system can be consider in local thermal equilibrium and hence at a given time is determined by
the temperature T (~x) and the local fluid velocity uµ(~x). If we normalize the velocity to−1, i.e uµuµ = −1,
the total number of independent field is d and then we have the same number of equation and variables.2
The dependence of Tµν in terms of T (x) and uµ(x) is given by constitutive relations. Since we assume
the deviation from equilibrium to be small, we expect that the contribution of the terms at higher order in
derivatives of the variables T and uµ is increasingly subdominant in the hydrodynamic limit. For that, we
write the constitutive relations in a derivative expansion
Tµν =
∞∑
n=0
Tµνn , J
µ
I =
∞∑
n=0
(JµI )n , (4.2)
where the l–term is the nth order in the derivatives of the fluid fields. One can estimate the contribution of
the nth–order term as (lmfp/L)n with L is the scale of temperature and velocity fields, as we defined above.
At zero order in the derivatives, we retrieve the perfect fluid dynamics: the energy momentum tensor is
determined by Pascal law, which in the rest frame (u0 = 1, ui = 0 with i spatial coordinates) provides the
following energy–momentum tensor
Tµν = diag [ρ, p, p, p] , (4.3)
where the component longitudinal to the flow ρ is fluid energy density and the spatial components transverse
to the fluid flow p are the fluid pressure. By acting with a finite boost transformation on (4.3) with velocity
uµ we obtain the energy–momentum tensor in covariant formalism
Tµν = pgµν + (ρ+ p)uµuν . (4.4)
Notice that the velocity can be defined as
uµ =
{
1√
1− v2 ,
~v√
1− v2
}
, (4.5)
with v2 = vivi. Conserved currents takes the simple form
JµI = nIu
µ , (4.6)
withnI conserved charges. From now on we reduce the number of conserved currents to 1 in order to suppress
the index I . In relativistic models it refers to baryon number conservation, since the particle number is not
conserved (it is always possible to create a particle–antiparticle pair). Please note that equations (4.44.6) are
true in global equilibrium with n, uµ, p and ρ constants. In hydrodynamics we promote these quantities as
local functions of spacetime coordinates.
Energy–momentum conservation leads to energy conservation and Euler equation
∇µTµν = ∇µ(ρ+ p)uµuν + (ρ+ p)∇µuµuν + (ρ+ p)uµ∇µuν + gµν∇µp = 0 , (4.7)
its projection along the fluid flow read
uν∇µTµν = −uµ∇µρ− (ρ+ p)∇µuµ = 0 , (4.8)
2If currents are taken into account, we add to the variables also the chemical potentials µI , one for each conserved current.
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and the transversal projection is
Pαν∇µTµν = (ρ+ p)uν∇νuα + Pαν∇νp = 0 , (4.9)
where the projector orthogonal to fluid velocity is defined as
Pµν = uµuν + gµν . (4.10)
To understand the meaning of (4.8,4.9) we consider the non–relativistic limit |v| << 1. In this limit we have
uµ ∼ {1, ~v} , uµ∇µ ∼ ∂0 + ~v · ~∂ , (4.11)
moreover, equations of state are characterized by ρ >> p and the energy density is dominated by matter.
With these assumptions, eq. (4.8) reduces to
∂0ρ+ ∂i(ρv
i) = 0 , (4.12)
which is the non–relativistic continuity equation. Eq. (4.9) has two different set of components: for α = 0
we have
~v · ~∂p = 0 , (4.13)
and for α = i we have
ρ∂0v
i + ρ(~v · ~∂)vi + ∂ip+ vi∂0p = 0 . (4.14)
Contracting with vi it reduces to eq. (4.13). In non–relativistic limit, the last term of (4.14) is neglected and
we obtain
∂0vi + (~v · ~∂)vi = −1
ρ
∂ip , (4.15)
which is the non–relativistic Euler equation.
As expected, at zero order (ideal fluid) we have no dissipative contribution. A way to see it is considering
the conservation of energy–momentum tensor projected along the velocity
uν∇µTµν = −uµ∂µρ− (ρ+ p)∇µuµ = 0 , (4.16)
with the thermodynamic relations
ρ = Ts− p+ µn , dρ = Tds+ µdn , (4.17)
where s is the entropy density and µ is the chemical potential. We get
µ∇µ(nuµ) + T∇µ(suµ) = 0 . (4.18)
Assuming the conservation of the matter current jµ = nuµ, eq. (4.39) reduces to entropy conservation along
the fluid flow.
∇µJµs = ∇µ(suµ) = 0 . (4.19)
To add dissipative contribution (viscosity and thermal conduction) to energy momentum tensor we have
to go beyond the zero order in derivative expansion. We decompose the velocity derivative ∇µuν into irre-
ducible representations: first, we split it in the contribute along the fluid velocity (the acceleration aµ) and in a
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transverse part, which can in turn be decomposed into symmetric traceless tensor (shear σµν), antisymmetric
tensor (vorticity ωµν) and trace part (the divergence θ)
∇µuν = −aµuν + σµν + ωµν + 1
3
θPµν , (4.20)
where the various components are defined as
θ = ∇µuµ ,
aµ = uν∇νuµ ,
σµν = PµαP νβ∇(αuβ) −
1
d− 1θP
µν ,
ωµν = PµαP νβ∇[αuβ] . (4.21)
Notice that due to the normalization of the velocity uµuµ = −1 the following identities hold
uµ∇ρuµ = 0 , ∇ρuµ∇σuµ = −uµ∇ρ∇σuρ , uµaµ = 0 , (4.22)
where the last one states the tracelessness of aµuν .
In relativistic fluid it is not possible to distinguish between mass and energy flux, one flux involving nec-
essarily the other. For this reason it is convenient to fix the velocity field in an unambiguous, even if arbitrary,
way. There are different conventions and we choose the so–called Landau frame, in which at equilibrium
the components of energy–momentum tensor which are longitudinal to the velocity are associated with the
energy density
uµT
µν = −ρuν , (4.23)
as a consequence, the dissipative contributions to energy momentum tensor must satisfy
uµT
µν
n = 0 , n > 0 . (4.24)
It is possible to change frame by performing an appropriate field redefinition. In particular, with this choice
we have no energy flow in the local rest frame.
To determine the first order contribution to energy momentum tensor, we consider all the symmetric
two–indices tensor respecting the Landau frame condition eq. (4.23). We get
Tµν1 = −2ησµν − ζθPµν , (4.25)
where we introduced two new parameters, the shear viscosity η and the bulk viscosity ζ. Notice that the
Landau frame condition (4.24) is satisfied. Hence, the energy–momentum tensor at first order in gradient
expansion reads
Tµν = pgµν + (ρ+ p)uµuν − 2ησµν − ζθPµν . (4.26)
In the same way we obtain the correction to conserved current. Since this result is not needed in the followings
we do not report the result. We remand the interested reader to [37].
Imposing the conservation of the energy–momentum tensor up to first order Tµν0 + T
µν
1 we obtain the
Navier–Stokes equations. As before, we project the conservation equation first along the fluid and then along
the transverse direction, obtaining
uν∇µTµν = −uµ∇µρ− (ρ+ p)∇µuµ + uν∇µTµν1 = 0 , (4.27)
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and
Pαν∇µTµν = (ρ+ p)uµ∇µuα +∇αp+ uαuµ∇µp+ Pαν∇µTµν1 = 0 . (4.28)
The spatial component of (4.28) represent the generalization of Euler equation in presence of dissipative
effects, that is the Navier–Stokes equation for compressible relativistic fluids. In non–relativistic limit and
assuming the incompressible condition ∂ivi = 0 it is possible to show that (4.28) reduces to
∂0vi + (~v · ~∂)vi = −1
ρ
∂ip+
η
ρ
∂j∂
jvi , (4.29)
which is the incompressible non–relativistic Navier–Stokes equation.
Since we introduced dissipative corrections, we expect that the second law of thermodynamics is re-
spected. Using the same arguments as before, it is possible to demonstrate that the divergence of the entropy
current Jµs introduced in (4.41) is always positive. Writing explicitly the energy–momentum tensor conser-
vation equation along the fluid flow eq. (4.27) we have
uν∇µTµν =− uµ∂µρ− (ρ+ p)∂µuµ − η (uνuν − aνaν −∇µuρ∇ρuµ)−
(
2η
d− 1 − ζ
)
θ2 = 0 .
(4.30)
Comparing this result with the shear tensor contracted with itself
2σµνσ
µν = −uνuν +∇µuν∇νuµ + aνaν − 2
d− 1θ
2 , (4.31)
we have
uν∇µTµν =− uµ∂µρ− (ρ+ p)∂µuµ + η
2
σµνσ
µν + ζθ2 = 0 , (4.32)
and using the thermodynamic relations (4.17) as in (4.39) we get
∇µJµs = 2
η
T
σµνσ
µν +
ζ
T
θ2 , (4.33)
therefore, with ζ and η positive numbers, the divergence of entropy current is always non–negative.
In the present work we will consider the long wave limit of conformal theories and therefore we are
interested in conformal fluid dynamics. Conformal fluids enjoy different simplifications: first of all, due to
scale invariance, the energy momentum tensor for conformal theories is traceless. Imposing this condition
on energy–momentum tensor with first–order dissipative effects (4.26) we get
p =
1
d− 1ρ , ζ = 0 , (4.34)
hence, conformal fluids have no bulk viscosity. Hence, for conformal perfect fluid the energy–momentum
tensor reads
Tµν = ρ (gµν + duµuν)− 2ησµν . (4.35)
Second simplification, Tµν must transform covariantly respect to Weyl transformation. This will restrict the
possible structures to correct Tµν at higher order in the derivative expansion. In particular this will play
a key role in deriving the second order dynamic. Last, since there are no dimensionful scales involved,
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the dependence of the various hydrodynamics quantities on the temperature are determined by dimensional
analysis.
To understand the conformal properties of the energy–momentum tensor we consider Weyl transforma-
tion of the metric and its inverse
gµν → g˜µν = Ω2gµν , gµν → g˜µν = Ω−2gµν , (4.36)
where the second equation is determined by the definition of inverse metric gµνgνρ = δρµ. We require that
in a conformal theory the dynamical equations are invariant after conformal transformations. In general, an
equation involving a generic field Ψ is conformal invariant if there exists a number w ∈ R such that Ψ is
a solution of the equation with metric gµν if and only if Ψ˜ = ΩwΨ is solution of the equation with metric
g˜µν . The number w is called the conformal weight of the field. For fluid dynamics the conformal invariant
conditions read
∇˜µT˜µν = Ωk1∇µTµν , ∇˜µj˜µ = Ωk2∇µjµ , (4.37)
for some k1, k2 ∈ R and for T˜µν = ΩwTµν , j˜µ = Ωpjµ. Notice that due to metric rescaling, the covariant
derivative is modified. We have that the affine connection transforms as
Γρµν → Γ˜ρµν = Γρµν + Πρµν ,
Πρµν = Ω
−1 (−gµν∂ρΩ + δρµ∂νΩ + δρν∂µΩ) , (4.38)
To derive the conformal weight for energy–momentum tensor we have
∇˜µ(ΩwTµν) = ∇µ(ΩwTµν) + ΩwΠµµλT λν + ΩwΠνµλTµλ =
= Ωw∇µTµν + (w + d+ 2)Ωw−1Tµν∂µΩ− Ωw−1T∂νΩ , (4.39)
where T = gµνTµν . Notice that since the theory is conformal, the trace of energy–momentum tensor van-
ishes. Hence, the equation of motion of fluid dynamic is conformal invariant if w = −d − 2, that is the
energy–momentum tensor transforms as
Tµν → T˜µν = Ω−d−2Tµν , (4.40)
In the same way, we compute the conformal weight for a conserved current jµ
∇˜µ(Ωpjµ) = ∇µ(Ωpjµ) + ΩpΠµµλjλ =
= Ωp∇µjµ + (p+ d)Ωp−1jµ∂µΩ , (4.41)
that is, the current scales with p = −d
jµ → j˜µ = Ω−djµ , (4.42)
In the followings, we determine the scaling behaviour of the characteristic fields of conformal fluids. As
we said above, this information permits to express hydrodynamics quantities in terms of the temperature.
The scaling invariance of the normalization of the velocity uµuµ = −1 fixes the conformal weight for
uµ
uµ → u˜µ = Ω−1uµ , (4.43)
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form this and eq. (4.42) we get the scaling transformation of the entropy density
s→ s˜ = Ω1−d , (4.44)
and using (4.40,4.43) we get the conformal weight of the energy density ρ
ρ→ ρ˜ = Ω−dρ . (4.45)
Finally, from the first thermodynamical relation of (4.17) we derive the scaling behaviour of the temperature
T → T˜ = Ω−1T , (4.46)
In the same way it is possible to derive the conformal weight for chemical potentials µI and other conserved
chargesnI . The scaling of the shear tensor is obtained by considering the Weyl transformation of the covariant
derivative of the velocity
∇˜µu˜ν = ∇µ(Ω−1uν) + Ω−1Πνµλuλ =
= Ω−1∇µuν + Ω−2
(
δνµu
λ∂λΩ− uµ∂νΩ
)
. (4.47)
Remarkably, using definitions (4.21) we have
σ˜µν = P˜µαP˜ νβ∇˜(α u˜β) −
1
d− 1 θ˜P˜
µν =
= Ω−3σµν , (4.48)
that is, the shear tensor transforms homogeneously. From this relation, the scaling of Tµν eq. (4.40) and
eq. (4.35) we have
η → η˜ = Ω1−dη . (4.49)
Since the temperature T scales with conformal weight−1, we can use the obtained Weyl transformation
to express the other thermodynamic variables as powers of the temperature itself. As we said above this is
possible in conformal field theories, since no dimensionful scales are present. For instance we have
ρ = ρ′T d , η = η′T d−1 , s = s′T d−1 , (4.50)
where the constants of proportionality ρ′, η′, s′ are dimensionless numbers. Therefore, energy–momentum
tensor (4.35) becomes
Tµν = ρ′T d (gµν + duµuν)− 2η′T d−1σµν . (4.51)
4.2 Remarks on AdSd+1
Anti–de Sitter space in d + 1 dimensions is the maximally symmetric solution of Einstein equations with
negative cosmological constant Λ
Sgrav =
∫
dd+1x
√−g (R− 2Λ) , RAB − 1
2
RgAB + ΛgAB = 0 . (4.52)
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The curvature scalar is then
R = 2
d+ 1
d− 1Λ , (4.53)
and this permits to write the Ricci tensor as proportional to the metric
RAB =
Λ
d− 1gAB , (4.54)
that is, AdSd+1 is an Einstein space. Moreover, It is possible to write the Riemann tensor as
RABCD =
Λ
d(d− 1) (gACgBD − gADgBC) , (4.55)
which is the condition of being a maximally symmetric space. It can be defined as the coset space
AdSd+1 =
SO(2, d)
SO(1, d)
, (4.56)
From the definition, we can write AdSd+1 as an embedding by the quadratic algebraic equation
−X20 −X2d+1 +
d∑
i=1
X2i = −R2AdS , (4.57)
in flat space R2,d with metric
ds2 = −dX20 − dX2d+1 +
d∑
i=1
dX2i , (4.58)
For completeness we express scalar curvature and cosmological constant in (4.53,4.54) in terms of AdSd+1
radius
R = −d(d+ 1)
R2AdS
, Λ = −d(d− 1)
2R2AdS
. (4.59)
In order to obtain a metric for the AdS surface, we can solve equation (4.57) for Xd+1
Xd+1 =
√√√√R2AdS −X20 + d∑
i=1
X2i , (4.60)
and substituting it in the R2,d metric eq. (4.58) we obtain
ds2 =
[
ηKL +
XIXJ
R2AdS −XRηRSXS
ηIKηJL
]
dXKdXL , (4.61)
where ηIJ = diag{−,+, · · · ,+} and capital Latin indices run over {0, · · · , d}. For our purposes tt is
convenient to expressAdSd+1 in other coordinates systems. The typical description of globalAdSd+1 spaces
is given by setting
X0 = R cosh ρ cos τ , Xd+1 = R cosh ρ sin τ , Xi = R sinh ρΩi , (4.62)
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where
d∑
i=1
Ω2i = 1 . (4.63)
In this coordinates chart AdSd+1 metric reads
ds2 = R2AdS
(− cosh2 ρ dτ2 + dρ2 + sinh2 ρ dΩ2) , (4.64)
where dΩ2 is the metric of the d − 1–sphere. Note that the time τ is periodic, hence closed time curves
are present. In order to remove them, we unwrap the τ coordinates, by setting τ ∈ R without identifying
τ with τ + 2pi. The obtained space is the universal covering of AdS. It is a common habit to refers to
the universal covering as simply AdS space. This coordinates system covers entirely AdS space, hence are
global coordinates. Notice that the boundary is R × Sd−1. It is possible to recast metric (4.64) in another
form by performing the following change of coordinates
ρ = arcsinh r , τ = t , xi = xi . (4.65)
The resulting global metric is
ds2 = − (1 + r2) dt2 + 1
1 + r2
dr2 + r2dxidxi . (4.66)
In this work, we are most interested in the AdS–spaces described in Poincare´ patch, which are defined
by
X0 =
1
2r
(
1 + r2(R2AdS + ~x
2 − t2)) , Xd+1 = RAdS r t ,
Xd =
1
2r
(
1− r2(R2AdS + ~x2 − t2)
)
, Xi = RAdS r x
i , (4.67)
where ~x = {xi} with i = {1, 2, 3}. The metric reads
ds2 = R2AdS
(
dr2
r2
+ r2dxµdxµ
)
, (4.68)
where xµ = {t, xi} and the contraction is made with the mostly plus flat metric ηµν = {−,+, · · · ,+}.
Metric (4.68) covers only half of AdS but contains Minkowski slices for fixed r.
From the definitions (4.56,4.57) it is easy to see that AdSd+1 is invariant under SO(2, d) group and that
for metric the killing vectors are
JA˜B˜ = XA˜
∂
∂XB˜
+XB˜
∂
∂XA˜
. (4.69)
where the XA˜ are the d+ 2 coordinates {X0, · · · , Xd+1}. The number of isometries is then
dim (SO(2, d)) =
1
2
(d+ 1)(d+ 2) . (4.70)
To obtain the Killing vectors for the desired coordinates patch, we have to perform the correct change of
coordinates. For instance the Killing vectors for AdS5 in Poincare´ patch metric (4.68) read
Kt =−
(
t2
2
+
1
2r2
)
c− t (xjej + e)− 1
2
xjx
jc+ bjx
j + b ,
Kr =rtc+ r
(
xje
j + e
)
,
Ki =
(
1
2r2
− t
2
2
)
ei − txic+ tbi + 1
2
xjx
jei − xixjej − xie+ wijxj + hi , (4.71)
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where the 15 infinitesimal parameters are interpreted as follows: {bi} are the boundary boost parameters,
{b, hi} represent translations in
{
t, xi
}
directions, e is the dilatation, {c, ei} are associated to conformal
transformations and {wij} is the antisymmetric tensor responsible of the 3 rotations in {xi}.
4.3 Boundary Energy–Momentum Tensor
In this section we briefly present the procedure to define the quasilocal energy–momentum tensor in the
boundary of a given spacetime region. This quantity will be a key ingredient to derive the boundary fluid
dynamics. The first definition of quasilocal boundary energy–momentum tensor was proposed by Brown
and York [70], but in this work we use the one described by Kraus and Balasubramanian [71] which is well
suited to deal with asymptotically anti–de Sitter spaces.
At first we present the gravitational action with cosmological constant Λ (4.52) with boundary Gibbons–
Hawking–York term [72, 73, 75]
Sgrav =
1
16piG
∫
M
dd+1x
√−g (R− 2Λ)− 1
8piG
∫
∂M
ddx
√−γΘ , (4.72)
whereM is a d+1 spacetime, ∂M is its boundary andG is the Newton constant. Notice that in the followings
we set 8piG = 1 and RAdS = 1. We refer to γµν as the induced metric on the boundary of the considered
spacetime region ∂M and to Θ as the trace of the extrinsic curvature Θµν . Note that Greek indices runs over
the d boundary directions and the uppercase Latin ones label the d+ 1 spacetime directions.
To compute γµν we define the constraint Φ which characterizes the surface on which γµν is defined.
Since we want to compute the quasilocal energy–momentum tensor for the boundary of anti–de Sitter space,
we consider slices at constant r
Φ = r − c = 0 , (4.73)
with c ∈ R. The outward-pointing normal vector to the boundary ∂Mr=c is defined as3
nM =
∂MΦ√
gRS∂RΦ∂SΦ
. (4.74)
Using nM we define the induced boundary metric γ:
γMN = gMN − nMnN . (4.75)
In order to obtain a d–dimensional metric we delete from γMN the r–column and the r–row, obtaining the
d–dimensional induced boundary metric γµν . In a similar way we calculate the extrinsic curvature ΘMN
and then Θµν :
ΘMN = −1
2
(∇MnN +∇NnM ) . (4.76)
Moved by action principle and Hamilton–Jacobi formalism, Brown and York [70] proposed a quasi–local
energy–momentum tensor defined locally on the boundary of a given region of the spacetime. Introducing
γµµ as boundary metric, the Brown–York energy–momentum tensor is defined as
Tµν ∝ 1√−γ
δSgrav
δγµν
, (4.77)
3This definition is valid as long as the surface is not null-like. In that case, the outward pointing normal will be kM = −∂MΦ.
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with S defined in (4.72). Explicit computation give
Tµν = Θµν −Θγµν . (4.78)
In general this energy–momentum tensor diverges if the boundary is taken at the infinity. In order to renor-
malize it, Brown and York modified the action by adding a new boundary term Sct. Being a boundary term,
it does not modify the equations of motion. To fix Sct, they proposed to embed the boundary metric in a
reference spacetime and then to set Sct as the gravitational action for the resulting spacetime region.
However, in general it is not possible to obtain the embedding needed and therefore the renormalization
procedure is not well defined. Balasubramanian and Kraus in [71] proposed an alternative way to compute
Sct for asymptotically AdS spaces. They write Sct as a series of counterterms made by scalars constructed
from the boundary metric γµν and fix the coefficients by requiring the divergence cancellation. In various
dimensions, the counterterm actions Sct =
∫
∂Mr L
ct read
LctAdS3 = −
√−γ , LctAdS4 = −2
√−γ
(
1− 1
4
R
)
, LctAdS5 = −3
√−γ
(
1− 1
12
R
)
, (4.79)
therefore the divergence–free boundary energy momentum tensors are
TµνAdS3 = Θ
µν −Θγµν − γµν ,
TµνAdS4 = Θ
µν −Θγµν − 2γµν +Gµν ,
TµνAdS5 = Θ
µν −Θγµν − 3γµν + 1
2
Gµν , (4.80)
where Gµν is the Einstein tensor4 build from γµν .
As last remark, we comment the case of general relativity coupled to matter. It is possible to demonstrate
that if the matter action does not contain metric derivatives – hence the matter is minimally coupled with
gravity – the energy–momentum tensor is unchanged [70].
To analyse the boundary terms it is useful to cast the metric in the form prescribed by ADM decomposition[74,
75]:
ds2 = N2dr2 + γµν (dxµ + V µdr) (dxν + V νdr) , (4.81)
where N is called lapse function and V µ is the shift function.
Having computed the boundary energy–momentum tensor, it is easy to compute the conserved charges
associated with the isometries of the considered spacetime. To perform the computation the boundary metric
γµν is cast in ADM–like form [74, 75]
γµνdxµdxν = −N2Σdt2 + σab(dxa + V aΣdt)2 , (4.82)
where Σ is the d − 1–dimensional surface at constant time. Hence, the conserved charges associated to the
Killing vectors ξ are defined as
Qξ = lim
r→∞
∫
Σ
dxd−1
√
σuµTµνξ
ν (4.83)
where uµ = N−1Σ δ
µt is the timelike unit vector normal to Σ.
4A careful reader may have noticed a change of sign in front of the Einstein tensor with respect to [71]. This is just a matter of
convention in the definition of the Riemann tensor.
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4.4 Fluid/Gravity Correspondence
This section briefly reviews the basic concepts of fluid/gravity correspondence. For a complete treatment,
the interested reader is referred to [36, 37, 38].
4.4.1 The Correspondence
As it is well known, the first example of gauge/gravity correspondence states an equivalence between type
IIB superstring theory on AdS5 × S5 space and a conformal field theory (CFT) defined on the boundary of
AdS5: supersymmetric N = 4 Yang–Mills theory (SYM). In N = 4 SYM two dimensionless parameters
are present: the rank of the gauge group SU(N) and the ’t Hooft coupling λ = g2YMN . In the string side,
g2YM corresponds to the string coupling constant while λ represents the ratio between the radius of AdS and
the string length.
In the limit in which both λ and N go to infinity in such a way that their ratio remains constant, the
massive modes in the string sector decouple and Type IIB superstring reduces to classical supergravity (Type
IIB). On the dual side, in this limit the boundary gauge theory becomes strongly coupled. Therefore using
gauge/gravity correspondence it is possible to derive quantites for non–perturbative CFT from classical
supergravity computations.
An interesting feature of type IIB supergravity is that it admits consistent truncations, the simplest of
them being the pure Einstein gravity with negative cosmological constant (4.52)
Sgrav =
∫
dd+1x
√−g (R− 2Λ) , (4.84)
which contains the metric gAB as the only variable. Without entering into the details of the dictionary
between gauge theory and gravity, we remind that gAB is associated to the energy–momentum tensor of
the boundary theory. As a consequence, it must exist a sector of the dual CFT which in a particular limit
corresponds to Einstein gravity with negative cosmological constant.
One can observe that an interacting system near thermal equilibrium at sufficiently high temperature can
be described by hydrodynamics effective theory. Therefore, we could expect that in some long wavelength
limit the pure gravity theory corresponds to the hydrodynamic limit of strongly coupled gauge theory, The
resulting map is named fluid/gravity correspondence.
Moved by these facts, we consider stationary solutions of Einstein equations in asymptotically AdS5,
which are best suited to deal with fluids in thermal equilibrium. For instance, the vacuum of the gauge
theory is associated to empty AdS5, while AdS–Schwarzschild black hole (here written in Poincare´ patch)
ds2 = −r2f(br)dt2 + dr
2
r2f(br)
+ r2δijdxidxj , f(r) = 1− 1
r4
, (4.85)
corresponds to gauge theory states in thermal equilibrium whose temperature corresponds to the black hole
one
T =
1
pib
=
r+
pi
. (4.86)
The regime of validity of the hydrodynamic description is that the scale of fluctuation of the fields must
be larger than the mean free path length lmfp (long wavelength regime). In conformal field theory we have
lmfp ∼ 1
T
, (4.87)
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which in the gravity dual side translates in
r+ >> RAdS , (4.88)
that is, the hydrodynamic limit of the strongly coupled boundary field theory is obtained by large (respect to
the AdS radius RAdS) black holes in the bulk.
To determine the fluid dual of the solution of Einstein equations, we compute the boundary energy–
momentum tensor via the Brown–York procedure described in sec. [4.3]. Hence for the Schwarzschild black
hole eq. (4.85) we have
Tµν ∝ 1
b4
diag [3, 1, 1, 1] , (4.89)
which represents a conformal fluid in the rest frame with temperature (4.86).
Performing a boost along the boundary directions xµ = {t, xi} on (4.85) we obtain the so called boosted
black hole
ds2 =
1
r2f(br)
dr2 + r2 [Pµν − f(br)uµuν ] dxµdxν (4.90)
with
uµ =
{
1√
1− β2 ,
βi√
1− β2
}
, β2 = δijβ
iβj , Pµν = uµuν + ηµν , (4.91)
where Pµν is the projector along the orthogonal to fluid velocity. In this case, the associate boundary fluid
is described by
Tµν ∝ 1
b4
(4uµuν + ηµν) , (4.92)
that is, the usual covariant form of energy–momentum tensor for ideal conformal fluids.
Having set up the fluid/gravity dictionary for static quantities, we can argue what happens in near equi-
librium systems. Promoting parameters b, βi as slowly varying functions of the boundary coordinates xµ,
the boundary fluid dynamic is governed by the conservation of energy–momentum tensor
∇µTµν = 0 , (4.93)
where in general Tµν is modified by adding derivatives of the parameters, that is by expressing it in gradient
expansion as was presented in [4.1]. This means that the metric (4.90) with local parameters is no longer
solution to the Einstein equations. Since we assume slowly variations of the parameters, we are able to
construct a metric solution of the Einstein equations in a derivative expansion This perturbative procedure
will be described in the next section.
Hence, fluid/gravity correspondence gives a natural framework to derive the fluid dynamic energy–
momentum tensor from a computation in pure gravity. This procedure determines precisely the various
order transport coefficients in an unambiguous way.
4.4.2 Perturbative Procedure
In this section we briefly describe the perturbative procedure developed in order to solve the Einstein equa-
tions in a boundary derivative expansion.
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As we said previously, if the parameters {b, βi} are local functions of the boundary coordinates {t, xi},
the metric does not satisfy the Einstein equations anymore. However, it is possible to construct a new solution
by modifying the starting metric and by constraining the local parameters. The boundary dual of resulting
metric has the interpretation of a fluid (with dissipative contribution for d > 2) and the parameters {b, β}
are connected with fluid temperature and velocity.
To implement the procedure, it is useful to consider the parameters as function of the rescaled boundary
coordinates εxµ
b(xµ)→ b(εxµ) , βi(xµ)→ βi(εxµ) , (4.94)
then the symbol ε counts the number of derivatives. To reconstruct the solution of Einstein equations we
need to correct the metric order by order in ε
g = g(0)(b, βi) + εg(1)(b, βi) + ε2g(2)(b, βi) +O
(
ε3
)
, (4.95)
where g(0)(b, β) represent the boosted black hole metric (4.90) with local parameters and g(n) for n > 0 are
the corrections to the metric. 5 Since the equations of motion satisfied by the parameters change order by
order, we need to add corrections also to the parameters
b = b(0) + εb(1) +O
(
ε2
)
, βi = β
(0)
i + εβ
(1)
i +O
(
ε2
)
. (4.96)
The procedure we want to describe is an iterative one: Having the solution at order (n − 1), i.e. g(m) for
m ≤ n− 1 and b, βi(m) for m ≤ n− 2, we can solve the Einstein equations for the n–order quantities. We
plug the corrected quantities (4.95,4.96) into the Einstein equations and we consider the εn coefficient of the
perturbative expansion. We obtain a set of differential equations which schematically read
H
[
g(0)
(
β(0)(x), β
(0)
i (x)
)]
g(n)(x) = Sn , (4.97)
where H is a linear operator of second order which depends only on the variable r. Indeed g(n) is already at
order εn and hence a boundary derivative would produce an higher order term. Notice also that H depends
only on the value of the parameters at xµ and not on their boundary derivatives. Thus, we can consider H as
a ultralocal operator in the boundary direction and this allows us to solve the equations point by point on the
boundary. In particular, we choose to work in a neighborhood of the boundary coordinate origin xµ = 0. As
initial value for the parameters, we set
b(0) = 1 , βi(0) = 0 , (4.98)
accordingly to the interpretation of dilatation and boost parameters. With this choice, it is useful to write
(4.96) as
b(x) = 1 +
(
εxµ∂µb
(0)(x)
)
|xµ=0 +O(ε2) , βi(x) =
(
εxµ∂µβ
(0)
i (x)
)
|xµ=0 +O(ε2) , (4.99)
furthermore the metric (4.97) read
g = g0 (b = 1, βi = 0) + ε
[
g0
(
xµ∂µb
(0), xµ∂µβ
(0)
i
)
+ g1 (βi = 0, b = 1)
]
+O(ε2) . (4.100)
The r.h.s of (4.100) is an expression of ordernmade of derivatives of the parameters {b, βi}(k) with k ≤ n−1.
5We dropped the dependence on boundary coordinates for convenience of notation.
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In general, being the Einstein tensor EMN a d–dimensional symmetric tensor, (4.97) describes d(d+1)2
independent differential equations. They naturally splits into two different sets. We consider the ones with
only one r–derivative as constraint equations. These are obtained as
E
(c)
M = EMNξ
N , (4.101)
where ξN is the one–form normal to the boundary. In this work it is simply ξM = dr and thus ξN =
gN r. Considering the boundary directions of E(c)M we obtain a set of d − 1 equations which involve only
the parameters and not the unknown metric correction. These reproduce the equations of conservation of
boundary energy–momentum tensor at ordern−1 and then we can interpret the parameters as fluid quantities.
The other 12(d
2 − d + 2) differential equations (E(c)r and the so–called dynamical equations) generically
could depend on both parameters and g(n) components. These are used to obtain the metric correction g(n)
in terms of the derivatives of the parameters. Notice that being g(n) a nth–order contribution, it will depend
on n derivatives of the parameters. In general, it is convenient to classify dynamical equations according to
the representations of the little group SO(1, d− 1).
To simplify the computation of g(n) it is possile to choose a gauge for the metric. There are different
convenient choices, for instance in paper [37] the author set
grr = 0 , grµ = uµ . (4.102)
With this choice, the curves of constant xµ are null geodesic parametrized by the affine parameter r.
4.4.3 First Order Results and Finite Metric Reconstruction
The technique reviewed in the last section permits to construct a metric solution of Einstein equations for a
given order in boundary derivative expansion near the boundary coordinates origin xµ = 0. However, since
it is defined in the neighborhood of xµ = 0, the metric is not global.
However, to compute the full form of the boundary stress–energy tensor we need a finite metric, i.e. a
metric defined in any point. Due to the ultralocality, to obtain the finite metric we can postulate the most
general covariant metric which is function of uµ and b and then, by expanding it about xµ = 0 we fix the
various coefficients.
Once we have the global metric up to first order in derivative expansion, we compute the Brown–York
boundary energy–momentum tensor
Tµν ∝ 1
b4
(ηµν + 4uµuν)− 2
b3
σµν , (4.103)
which corresponds to conformal fluid in presence of dissipative effects (4.51). Using the thermodynamical
relation (4.17) and the definition of fluid temperature (4.86) it follows that the entropy to shear viscosity ratio
is
η
s
=
1
4pi
, (4.104)
as expected.
It worth mentioning that the constraint equations (4.101) up to first order are
∂tb
(0) =
1
3
∂iβ
(0)
i , ∂ib
(0) = ∂tβ
(0)
i . (4.105)
As we have already said, these are the conservation equations of (4.103) expanded at first order about the
origin.
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4.5 Supergravity Generalization
As pointed out in [36] the d–parameter family of black holes parametrized by r–dilatation b and boost βi can
be obtained by acting on a Schwarzschild black hole with a set of isometries of empty AdS.
A first question could arise: what happens if we act with the wholeAdSd+1 isometry group SO(2, d) on
the black hole (4.85)? Obviously, there exists a subset of AdSd+1 isometries which still preserves the black
hole: the translations in the boundary directions xµ and the rotations in the spatial boundary volume. InAdS5
this means an amount of 7 preserved isometries over the total 15. The other 8 transformations (r–dilatation,
the 3 boosts and 4 “conformal” transformations) generate a deformation of the black hole metric gBH . If
ξ = ξµ∂µ are the Killing vectors associated to the desired AdSd+1 isometries, the black hole deformation is
the Lie derivative of gBH along ξ
δgBH = Lξ(gBH) . (4.106)
Therefore, one could argue what kind of boundary fluid is associated with this new metric.
Another interesting point is the extension of the original fluid/gravity correspondence, which considers
pure Einstein gravity, to include couplings with other fields. In particular, it has been shown how to get the
Navier–Stokes equations from different solutions of general relativity [76, 77] and more recently how to get
back to Einstein equation starting from a boundary fluid [78, 79].
Nevertheless, the complete AdS/CFT correspondence can be only fully established between the super-
gravity extension of the general relativity and its holographic dual. In the present work we propose to include
fermionic fields in the computation and this can be done using supergravity theory as a playground. In par-
ticular, we consider supergravity theories in AdS spaces for 5, 4 and 3 dimensions.
One of the key concepts of fluid/gravity correspondence is the metric deformation: acting with a trans-
formation which preserves the reference solution (emptyAdS) on a static solution of the equations of motion
(the background solution) we generate a metric deformation which depends upon the parameters of the trans-
formation. The resulting finite transformation corresponds via the Brown–York technique to the boundary
fluid energy–momentum tensor.
As we will see, we can apply the same procedure in a supergravity context. In particular, we have to recall
thatAdS spaces are endowed with superisometries which introduce new constant parameters in the solution.
We present the main concepts without entering into details by introducing the minimal supergravity multiplet,
composed by vielbein eAM and gravitino ψM .6 In this toy model, we define the following supersymmetry
transformations with parameter 
δe
A
M = ¯Γ
AψM , δψM = DM  , (4.107)
where ΓA are the gamma matrices and DM is the covariant derivative. If the gravitino is different from zero
the metric is in general modified by (4.107). However, we need a transformation which preserves the empty
AdS solution
eAM = (e
A
M )AdS , ψM = 0 , (4.108)
that is we have to solve the so–called Killing spinor equation
δψM = (DAdS)M  = 0 , (4.109)
6The indices {M, · · · } are curved ones while {A, · · · } are flat ones.
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which is the supersymmetric counterpart of the Killing vector equation. The solution  is called Killing
spinor and it can be written as
 = Ξζ , (4.110)
where Ξ is a coordinates–depending matrix which can be expanded on the basis of gamma matrices and ζ is
a spinor whose components are constant Grassmann numbers.
Having found the analogous to AdS Killing vectors, we perform a susy variation on a static non–trivial
solution of the supergravity equations of motion
eAM = (e
A
M )BH , ψM = 0 , (4.111)
where (eAM )BH is the vielbein associated to AdS–Shwarzschild black hole. Since the gravitino is zero, at
first order we have no metric deformation
δ1 e
A
M = 0 , δψM = DM  , (4.112)
anyway, if the chosen black hole breaks supersymmetries a gravitino is generated. In this work we focus only
on non–BPS black holes to have the largest number of degrees of freedom for the gravitino. Thus, performing
a second order susy transformation
δ2 e
A
M = δ
1

(
¯ΓAψM
)
= ¯ΓADM  6= 0 , (4.113)
we generate a metric deformation called black hole superpartner [105, 106, 81], which depends on bilinears
in the ζ spinors {
ζ¯ ζ , ζ¯ ΓAζ
}
. (4.114)
Notice that as in the bosonic Killing vector case, the deformed metric is still a solution of the equations of
motion.
At this point there are two alternatives. The first one, according to [36], is promoting the fermionic zero
modes ζ to local fermions; then one is forced to study the equations of motion for the gravitino. Namely, one
has to see if certain conditions on ζ, promoted to local function, lead to dynamical equations for boundary
degrees of freedom. The second alternative is to maintain ζ constant and to promote only the bilinears to
local functions. In that case only the equations of motion for the vielbein are affected since we assume that the
equations for the gravitino are preserved at that order since the background has no fermions. In order to obtain
the fermionic correction to hydrodynamic, we combine the transformations generated by both Killing vectors
and Killing spinors. Therefore we could proceed with the fluid/gravity perturbative procedure, modifying
the metric order by order to solve the equations of motion and then analysing the boundary fluid dynamic.
By considering the constraint equations it is possibile to derive the fermionic corrections to Navier-Stokes
equations in terms of fermion bilinears. The latter may acquire a non-vanishing expectation value yielding
physical modifications of the fluid dynamics.
However, the equations computed from the perturbative procedure are written as expansion about xµ = 0.
To derive the global Navier–Stokes equations we have to consider the full boundary energy–momentum ten-
sor, which is obtained via the Brown–York procedure from a finite boosted black hole metric. Next section
refers to the computation of the finite superpartner (named “wig” to recall that all fermionic hairs are re-
summed into a complete non–linear solution) for a given metric.
We summarize the whole procedure described in this section in figure 4.1.
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Black Hole
Boosted Black Hole Black Hole Superpartner (Wig)
Boosted Wig
Susy Fluid Dynamics
Broken Isometries Broken Supersymmetries
Figure 4.1: Fluid/supergravity correspondence in brief.
4.5.1 The Wig
To compute the full boundary energy–momentum tensor it is necessary to have a finite metric transformation,
namely we need the analogous of the boosted black hole (4.90) for susy transformation. This is the key
ingredient to obtain the supersymmetric counterpart of the covariant boundary energy–momentum tensor
for ideal conformal fluid (4.92).
Starting from an infinitesimal transformation, it is in general a cumbersome problem finding the asso-
ciated finite transformation by resuming the infinite series. However, in this case due to the anticommuting
nature of supersymmetry parameters, the series truncates after few steps. The unconventional nature of
fermionic hair prompted us to adopt the word wigs to denote the Schwarzschild solution decorated with
fermionic zero modes. The number of needed steps depends upon the number of independent fermionic
parameters entering the supersymmetry transformations, therefore in our case it depends upon the number
of the independent parameters of the AdS Killing spinors.
Our analysis is based on the papers by Aichelburg and Embacher [80] where the Schwarzschild solution
for N = 2, D = 4 supergravity in flat space has been lifted to a full non–linear solution of the equations
of motion including the fermionic zero modes. The fields are constructed iteratively starting from the pure
bosonic expressions and acting on them with the supersymmetry.
The wig for a generic field Φ is constructed by acting with a finite supersymmetry transformation on the
original field [81]:
Φ = eδΦ = Φ + δΦ +
1
2
δ2Φ + . . . . (4.115)
In this work we consider as background fields the AdS–Schwarzschild black hole with all the other indepen-
dent fields set to zero
e
[0]A
M = e
A
M
∣∣
BH
, other fields = 0 . (4.116)
Notice that we we do not consider the spin connection as an independent field since it is obtained in terms of
the vielbein by the zero–torsion condition (the vielbein postulate). With our choice of background (4.116),
the vielbein postulate is the same as in pure gravity (4.52)
deA + ωAB ∧ eB = 0 . (4.117)
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Of course, the wig procedure in general modifies the vielbein postulate as well as the other equations of
motion.
To implement algorithms to compute the wigs for the various fields, it is more useful to deal with an
expansion in powers of bilinears of . This is denoted by the superscript [n], which counts the number of
bilinears. We have
B[n] =
1
2n!
δ2n B , F
[n] =
1
(2n− 1)!δ
2n−1
 F , n > 0 , (4.118)
where B and F are respectively bosonic and fermionic fields. Then, for fermionic fields [n] counts n − 1
bilinears plus a spinor  while for bosonic fields it indicates n bilinears. The n = 0 case represents the
background fields (4.116).
4.5.2 Killing Spinors Factorization
To compute the solutions to Killing spinor equation (4.109) we use gamma matrices parametrized in terms
of Pauli matrices [81]
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
, (4.119)
which satisfies
σiσj = δijσ0 + iεijkσ
k , (4.120)
where σ0 = 1l2 and ε123 = 1. Following [82], we define for odd dimensional space with signature mostly
plus {−,+, · · · ,+} the gamma matrices
Γ0 = iσ2 ⊗ σ0 ⊗ σ0 ⊗ · · · ,
Γ1 = σ1 ⊗ σ0 ⊗ σ0 ⊗ · · · ,
Γ2 = σ3 ⊗ σ1 ⊗ σ0 ⊗ · · · ,
· · · = · · · , (4.121)
notice that apart for the choice of Γ0, the other definitions can be modified. When dealing with 3–dimensional
case we will consider different Γ1 and Γ2. As a consequence of definition (4.121), the spinors are factorized
in 2–dimensional complex spinors.
As we have said, since we are interested into the complete solution – namely all powers of fermions –
we have to deal with the fermionic nature of the spinor fields. Therefore, by factorizing the spinors into a
product of spinors in lower dimensions, we have to declare the statistic of each part. As a matter of fact, in the
5–dimensional case we saw that the map between the original fermion  and its decomposition ε⊗η spoils the
correct number of degrees of freedom only if all possible choices are taken into account. Namely, we have to
choose first ε to be anticommuting and η commuting and subsequently ε commuting and η anticommuting:
 = ε|A ⊗ η|C + ε|C ⊗ η|A . (4.122)
The generalization to an arbitrary number of dimensions is straightforward. As we will see, in the present
case ε has only one degree of freedom. This allows us to consider just  = ε|C ⊗ η|A. In the forthcoming
we will drop indices A,C.
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4.5.3 Technicalities
To compute the wigs for a generic solution in AdSd+1 and to perform the perturbative procedure to recon-
struct solutions of the supergravity equations of motions we developed a series of Mathematica R© programs.
The algorithms for wig computation in generic dimensions d are collected in Wig.nb program. Given
the vielbein for a starting metric, the Killing spinors for empty AdSd+1 and the supersymmetry transforma-
tions, Wig.nb computes order by order the various fields generated by susy transformations. To do this, he
uses subroutines to perform gamma matrices computations through symbolic manipulations and generates,
whenever possible, the fermionic bilinears. We The outputs are saved as both binary files and text files to be
stored and used by other machines or other Mathematica R© instances.
The fluid/supergravity procedure is implemented in the SugraFlu.nb program. It reads from files the
finite fields the that has to be analyzed. For our supergravity models, they are vielbein, bilinears in the
gravitino and gauge fields. Then, it computes the perturbative expansion in power of bilinears of equations
of motion, following the generalization of the procedure in sec. 4.4.2. Then, if the transformation parameters
are constant, SugraFlu.nb checks the equations of motion, otherwise in case of parameters promoted to
local functions it gives both constraints and dynamical equations.
Both of them will be made available in the future.
Chapter 5
Supersymmetric Fluid Dynamic from BTZ
Black Hole
In this chapter we analyze the supergravity extension of fluid/gravity correspondence in a simpler situa-
tion where it is possible to compute all contributions analytically and we present them in a compact and
manageable form. For that we consider N = 2, D = 3 supergravity theory with cosmological term
[83, 41, 42, 84, 85, 86, 87, 88].
It has been pointed out that this theory is a topological one and therefore it does not possess any local
degrees of freedom, that is all fluctuations can be reabsorbed by gauge redefinitions. Nevertheless the theory
has non–trivial localized solution with singularitiy, named BTZ black hole, which is a trivial solution except
for the fixed points of an orbifold action (the orbifold is defined in terms of a discrete subgroup of the isometry
group [41, 42]).
On the boundary side, 1+1–dimensional conformal fluids is quite trivial, as described in [89]. The main
reason is that the number of independent component of energy–momentum tensor is equal to the number
of equations of motion and hence it does not contain physical information beyond the equations of energy–
momentum conservation.
However, thanks to the simplicity of this model, we are able to solve in detail the following problems:
1) the computation of the complete supergravity solution and 2) the computation of the equations of motion
order by order after promoting the parameters of the superisometries to local fields on the boundary.
Moreover the addition of new fermionic degrees of freedom could in principle modify the structure of
the models in a non trivial way and this could bring to new interesting results. For our purposes, we consider
BTZ black hole in both global and Poincare´ coordinates.
In order to generate the complete wig we start from the supersymmetry transformations associated to the
Killing spinors of AdS space. Since the BTZ black hole is non-extremal any supersymmetry transformation
will produce a change in the solution. Multiple applications of the supersymmetry transformation generated
by Killing spinors will result in the application of the corresponding Killing vector generating the complete
supergroup of isometries of AdS space which is OSp(2|2)×OSp(2|2)/SO(2)×OSp(2|2).1
Given the new solution, one can observe that some isometries of the black hole such as the translation
invariance in the time direction and in the angular coordinate (or in the space coordinate in the Poincare´ patch)
are preserved. That implies that the massM and the angular momentum J are still conserved charges. Indeed,
1AdS space considered here is actually a superspace with 3 bosonic coordinates and 4 fermionic coordinates, it can be viewed
as OSp(2|2)/SO(2) (since Sp(2) ∼ SL(2,R) ∼ SO(1, 2)).
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we can compute them using the ADM formalism and that gives a mass and an angular momentum which
is shifted by fermionic bilinears. In the case of extremal black hole, M = |J |, the fermionic corrections
will not spoil the extremality condition. In the same way, we can compute also the entropy of the black hole
which is modified by fermionic bilinears.
Having set up the stage for the computation, we promote the fermionic parameters of the superisometries
to local parameters on the boundary. Then, by inserting the fields in the supergravity equations we find
two sets of new equations which should be satisfied: Navier-Stokes equations and new differential equations
for the fermionic degrees of freedom. In order to interpret the result obtained we also perform the bosonic
isometries associated to the dilatation and to the translation on the boundary reproducing the usual linearized
version of relativistic Navier-Stokes equations. On the other side, by inserting the solution in the gravitino
equation, we finally derive a new set of partial differential equations for the fermionic degrees of freedom
which we interpret as Dirac-type equation for the fluid.
With the complete metric, we can finally compute the extrinsic curvature and, using Brown-York proce-
dure [70, 71] we derive the boundary energy-momentum tensor. The form of the latter resemble the tensor
for a perfect fluid, except for a term (violating the chirality). Nonetheless a redefinition of the velocity of
the fluid takes the energy momentum tensor to the standard formula for a perfect fluid and the temperature
is shifted by terms dependent on bilinears. The computation has been performed at the first level in the
isometry parameters and it shows the absence of dissipative effects, as expected from a conformal fluid in
1 + 1 dimensions. To see the emergence of new structures in the fluid energy–momentum tensor one needs
a complete second order computation.
5.1 Setup
5.1.1 Action and Equations of Motion
As mentioned in the introduction, we consider the supersymmetric N = 2, D = 3 of [83, 85] whose field
content is described by the vielbein eA, the gravitino (complex) ψ, an abelian gauge field A and the spin
connection ωAB . Those are the gauge fields of the diffeomorphism, the local supersymmetry, the local U (1)
transformations and of the Lorentz symmetry. The gauge symmetry can be used to gauge out all local degrees
of freedom and the remaining d.o.f. are localized singular solutions [41, 42, 88, 90].
The invariant action has the following form
S =
∫
M
(
RAB ∧ eCεABC − Λ
3
eA ∧ eB ∧ eCεABC − ψ¯ ∧ Dψ − 2A ∧ dA
)
, (5.1)
where the curvature 2–form is defined as RAB = dωAB + ωAC ∧ ωCB andM is a 3d manifold. In compo-
nents, the action reads
S =
∫
d3x
[
e (R− 2Λ)− ψ¯MDNψRεMNR − 2AM∂NARεMNR
]
, (5.2)
where e is the vielbein determinant and R is the Ricci scalar2. The action, is invariant under all gauge
transformations and it can be cast in a Chern–Simons form[83]3. The covariant derivative DM is defined as
DM = DM + iAM − Λ
2
eAMΓA , (5.3)
2{A,B, . . . } label flat indices and {M,N, . . . } refer to curved ones
3Note that AdS3 radius is set to one and (8piG3)−1 = 1.
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where D = d + 14ω
ABΓAB is the usual Lorentz-covariant differential. It can be easily shown that (5.2) is
invariant under the local supersymmetry transformations
δψ = D , δeA = 1
4
(
¯ΓAψ − ψ¯ΓA) , δA = i
4
(
¯ψ − ψ¯) . (5.4)
The spin connection transforms accordingly when the vielbein postulate is used to compute ωAB . The sig-
nature for the flat metric ηAB is (−,+,+) and the gamma matrices ΓA are real
Γ0 = iσ2 , Γ1 = σ3 , Γ2 = σ1 , {ΓA , ΓB} =2ηAB . (5.5)
From (5.2) we deduce the following equations of motion
Dψ = 0 ,
dA =
i
4
ψ¯ ∧ ψ ,
deA + ωAB ∧ eB =
1
4
ψ¯ ∧ ΓAψ ,
dωAB + ωAC ∧ ωCB − ΛeA ∧ eB = −Λ
4
εABCψ¯Γ
Cψ . (5.6)
The third equation is the vielbein postulate, from which the spin connection ωAB is computed. It is possible
to check the above equations against the Bianchi identities. Note that the theory, being topological, can be
written in the form language.4 The gravitino equation simply implies the vanishing of its field strength. The
second equation fixes the field strength of the gauge field and the fourth one fixes the Riemann tensor. Note
that for AdS3, the cosmological constant is Λ = −1.
5.1.2 AdS3 and BTZ Black Hole
The supergravity equations of motion admit as solution the AdS3 space
gMN = (gAdS)MN , AM = 0 , ψM = 0 , (5.7)
where the AdS3 metric in global coordinates reads
ds2 = −f2dt2 + f−2dr2 + r2dφ2 , (5.8)
where f2 = r2 + 1. The associated vielbeins are
e0 = fdt , e1 = f−1dr , e2 = rdφ , (5.9)
and the spin connection components read
ω01 = rdt , ω02 = 0 , ω21 = fdφ . (5.10)
As usual, the flat metric ηAB is mostly plus (−,+,+).
4 Using the forms, the gauge symmetries are obtained by shifting all fields eA → eA + ξA, ψ → ψ+ η, ω → ωAB + kAB and
A→ A+C and consequently the differential operator d→ d + s. ξA, η, kAB and C are the ghosts associated to diffeomorphism,
supersymmetry, Lorentz symmetry and U (1) transformation, respectively and s is the BRST differential associated to those gauge
symmetries.
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Another solution is the so called BTZ black hole5 whose global metric reads:
ds2 = −N2dt2 +N−2dr2 + r2
(
Nφdt+ dφ
)2
, (5.11)
where N and Nφ are defined as
N =
√
−M0 + r2 + J
2
0
4r2
, Nφ =− J0
2r2
. (5.12)
The non–zero vielbein components are
e0 =Ndt , e1 =N−1dr , e2 =rNφdt+ rdφ , (5.13)
and the non–zero spin connection components read
ω01 =rdt− J0
2r
dφ , ω02 =− J0
2r2N
dr , ω12 =−Ndφ . (5.14)
The parameterM0 is to be identified with the mass of the black hole while J0 represents its angular momen-
tum. Notice that neither N nor Nφ depends on coordinate t which means that the solution is stationary.
The existence of a horizon is constrained by [41, 42]
M0 > 0 , |J0| ≤M , (5.15)
the case J0 = 0, M0 = −1 reduces to empty AdS3 (5.8) while the case −1 < M0 < 0 can be excluded
from the physical spectrum since it corresponds to a naked singularity. Note also that for r →∞ the metric
approaches the emptyAdS3 solution (5.8). It exists also an extremal solution forM0 = |J0|, which preserves
two of the four supersymmetries of AdS3. In the present case we want to focus on the non–extremal case
where all supersymmetries are broken.
To analyze the boundary fluid dynamic using fluid/gravity technique it is convenient to consider AdS3
metric written in Poincare´ patch
ds2 = −r2dt2 + 1
r2
dr2 + r2dx2 . (5.16)
As in [36, 37] we perform an ultralocal analysis and then we also use Poincare´ patch for BTZ black hole
metric
ds2 = − (r2 −M0) dt2 + 1
r2 −M0 dr
2 + r2dx2 . (5.17)
Notice that in this case the AdS3 metric (5.16) is obtained by setting M0 = 0. The form of the metric is
similar to (5.11) but it will cover just a sector of the entire AdS space. As we will show in the next section,
after a finite boost transformation the metric (5.17) can be cast as in (5.11), with mass and angular momentum
depending on the boost parameters and M0.
5We refer the reader to the vast literature on the subject for the geometry of this solution.
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5.1.3 Killing Vectors
In this section we compute the Killing vectors for AdS3 for both global metric (5.8) and Poincare´ patch
(5.16). As we will discuss later, we consider the isometries of AdS3 space to generate orbits of the black
hole solution. This is obtained by acting with the generators of AdS3 isometries on the black hole metric.
The Killing vectors are solutions to the equations
Lξ(gAdS) = 0 , (5.18)
where
ξ = ξt∂t + ξ
r∂r + ξ
φ∂φ , (5.19)
and, for global AdS3 (5.8), they are
ξt =
r√
1 + r2
∂tA (t, φ) + e0 ,
ξr =
√
1 + r2A (t, φ) ,
ξφ =
√
1 + r2
r
∂φA (t, φ) + f0 , (5.20)
where the function A (t, φ) is defined as
A(t, φ) = a0 cos (t+ φ) + b0 cos (t− φ) + c0 sin (t+ φ) + d0 sin (t− φ) . (5.21)
The solution depends upon the 6 free parameters {a0, b0, c0, d0, e0, f0}, associated to the AdS3-isometry
group, namely, SO (2, 2).
The Killing vectors for AdS3 in Poincare´ patch, defined as K = Kt∂t +Kr∂r +Kx∂x are
Kt = −c1
2
(
1
r2
+ t2 + x2
)
− c2tx− bt+ wx+ t0 ,
Kr = r (c1t+ c2x+ b) ,
Kx = −c2
2
(
− 1
r2
+ t2 + x2
)
− c1tx+ wt− bx+ x0 . (5.22)
The 6 real infinitesimal constant parameters describe the 6–parameters isometry group of AdS3: b is associ-
ated with dilatation, w is the boost parameter, c1 and c2 are related to conformal transformations and t0 and
x0 parameterize the t− and x−translations.
In order to complete the procedure outlined in [36, 37, 39, 43] we perform a finite boost on the BTZ
solution in the t-x plane, namely
t→ t− wx√
1− w2 , x→
x− wt√
1− w2 , (5.23)
where w is the boost parameter.
We now perform a finite dilatation of the BTZ black hole. This transformation will allow us to define a
parameter for the temperature of the fluid in the same fashion as [36]. The correct dilatation weights can be
obtained by redefining the coordinates as follows
r → bˆr , t→ bˆ−1t , φ→ bˆ−1φ . (5.24)
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The infinitesimal dilatation are given by bˆ = 1+b+O(b2), where b is the infinitesimal parameter introduced
in eq. (5.22).
The boosted and dilatated metric can be recast in the form (5.11) by replacing
M0 →M = 1 + w
2
1− w2
M0
bˆ2
, J0 → J = − 2w
1− w2
M0
bˆ2
, (5.25)
and
r2 → R2 = r2 + w
2
1− w2
M0
bˆ2
. (5.26)
Note that the boost transformations can be applied to the global BTZ metric (5.11) to generate a new set of
solutions, as described in [92] (see eq. (5.23) with x substituted by the angular coordinate φ). In this case
the replacing rules for mass, angular momentum and radius coordinate will be
M0 →M = 1 + w
2
1− w2M0 −
2w
1− w2J0 , (5.27a)
J0 → J = 1 + w
2
1− w2J0 −
2w
1− w2M0 , (5.27b)
r2 → R2 = r2 − w
1− w2 (J0 − wM0) . (5.27c)
Defining
γ =
w2 + 1
w2 − 1 , β = −
2w
w2 + 1
, (5.28)
the metric for the new global BTZ solutions can be written modifying mass and angular momentum in the
following Lorentz-like form, i.e.
M = γM0 − βγJ0 ,
J = γJ0 − βγM0 ,
R2 = r2 − 1
2
[βJ0 − (γ + 1)M0] . (5.29)
5.1.4 Killing Spinors
Now, we need to construct the Killing spinors of AdS3 and the isometries generated by them6. To construct
the BTZ wig we compute the Killing spinors  forAdS3 first in global coordinates and then in Poincare´ patch.
As we have said in they are defined from Killing spinors equation
DAdS = 0 . (5.30)
In global coordinates, it reads
∂r +
1
2f
Γ1  = 0 ,
∂t +
1
2
(−rΓ2 + fΓ0)  = 0 ,
∂φ +
1
2
(rΓ2 − fΓ0)  = 0 . (5.31)
6We remind the reader that Killing vectors can be obtained constructing Killing spinors bilinears such as ξµ = ¯Γµ. By
construction they will indeed satisfy the Killing vectors equation.
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The index of gamma matrices is flat since the vielbein is written explicitly. Note that (fΓ1 + rΓ0)2 = 1l. To
solve eqs. (5.31), we define the projected spinors
± = ±Γ1± , (5.32)
hence, equations (5.31) read
∂r+ +
1
2f
+ = 0 , ∂r− − 1
2f
− = 0 ,
∂t+ +
1
2
(f − r) − = 0 , ∂t− − 1
2
(f + r) + = 0 ,
∂φ+ +
1
2
(r − f) − = 0 , ∂φ− + 1
2
(r + f) + = 0 . (5.33)
Solving the r–equations we have
+ = (r + f)
−1/2 η+ (t, φ) , − = (r + f)1/2 η− (t, φ) , (5.34)
thus the t–and φ–equations reduce to
∂tη+ +
1
2
η− =0 , ∂tη− − 1
2
η+ =0 ,
∂φη+ − 1
2
η− =0 , ∂φη− +
1
2
η+ =0 . (5.35)
The solutions read
+ = (r + f)
−1/2
(
λ1 cos
[
t− φ
2
]
− λ2 sin
[
t− φ
2
])
,
− = (r + f)1/2
(
λ2 cos
[
t− φ
2
]
+ λ1 sin
[
t− φ
2
])
, (5.36)
that is
 =
1
2
[(√
r + f +
1√
r + f
)
1l−
(√
r + f − 1√
r + f
)
Γ1
]
×
×
(
cos
[
t− φ
2
]
1l− sin
[
t− φ
2
]
Γ0
)
λ , (5.37)
where λ is a spinor with two complex constant Grassmann components λ1 and λ2.
In the same way,we compute the Killing spinors for the BTZ black hole in Poincare´ patch. In components
the Killing spinor equation reads
∂t+
r
2
Γ0 (Γ1 + 1l)  = 0 ,
∂r+
1
2r
Γ1 = 0 ,
∂x+
r
2
Γ2 (Γ1 + 1l)  = 0 . (5.38)
Solving this we have
 =
[
1
2
√
r
(1l− rxµΓµ) (1l + Γ1) +
√
r
2
(1l− Γ1)
]
ζ , (5.39)
where as in the previous case ζ is a Dirac spinor with 2 complex constant Grassmann components ζ1 and ζ2
∂Rζ = 0 . (5.40)
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5.2 Fermionic Wig
We now proceed to the construction of the fermionic wig (i.e. the complete solution in the fermionic zero
modes) associated with a boosted and dilatate BTZ black hole in Poincare´ patch.7 As explained in sec. 5.1.3,
the boost and the dilatation shift the mass and angular momentum of the black hole. Therefore, to get the
complete solution, we first compute the wig for the BH as described in sec. 4.5 and then we replace M0
and J0 with M and J as defined in (5.25). As we have already pointed out, our background solution is the
AdS–Schwarzschild black hole with all the other fields set to zero
e[0]AM = e
A
M
∣∣
BTZ
, ψ[0]M = 0 , A
[0]
M = 0 . (5.41)
We define the real bilinears
B0 =− iζ†ζ , B1 =− iζ†σ1ζ , B2 =iζ†σ2ζ , B3 =− iζ†σ3ζ ,
C0 =− iλ†λ , C1 =− iλ†σ1λ , C2 =iλ†σ2λ , C3 =− iλ†σ3λ , (5.42)
due to the anticommutative nature of ζ1 and ζ2, these identities hold
B21 = B
2
2 = B
2
3 = −B20 , BiBj = 0 , i 6= j , Bn0 = 0 , n > 2 ,
C21 = C
2
2 = C
2
3 = −C20 , CiCj = 0 , i 6= j , Cn0 = 0 , n > 2 , (5.43)
In the formalism described in (4.118), from susy transformations (5.4) we derive algorithms to compute
iteratively the various fields
ψ[n]M =
1
(2n− 1)D
[n]
M  ,
e[n]AM =
1
4(2n)
¯ΓAψ[n]M + h.c. ,
A[n]M =
i
4(2n)
¯ ψ[n]M + h.c. . (5.44)
Then, the wig order by order is written as8
g[n]MN =
n∑
p=0
e[p]A(M e
[n−p]B
N)ηAB . (5.45)
In order to implement the computation in Mathematica R©, we developed algorithms to derive at each order
the inverse vielbein and the spin connection. To compute the inverse vielbein eMA , we use the definition
eAMe
M
B = δ
A
B , (5.46)
expanding the vielbeins we get(
e[0]AM + e
[1]A
M + e
[2]A
M
)(
e[0]MB + e
[1]M
B + e
[2]M
B
)
= δAB . (5.47)
7Note that our Killing spinors (or anti-Killing spinors as defined in [91]) are not time independent but the fermionic black hole
superpartner does not depend on t.
8Note that e(M eN) = 12 (eMeN + eNeM ).
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We then obtain one equation for each perturbative order
δAB =e
[0]A
Me
[0]M
B ,
0 =e[0]AMe
[1]M
B + e
[1]A
Me
[0]M
B ,
0 =e[0]AMe
[2]M
B + e
[1]A
Me
[1]M
B + e
[2]A
Me
[0]M
B . (5.48)
The first one is solved as usual by inverting the vielbein eAM . The other equations are solved by
e[1]MB =− e[0]MA
[
e[1]ARe
[0]R
B
]
,
e[2]MB =− e[0]MA
[
e[1]ARe
[1]R
B + e
[2]A
Re
[0]R
B
]
. (5.49)
In general we have, for n > 1
e[n]MB =− e[0]MA V [n]AB ,
V [n]AB =
n∑
p=1
e[p]ARe
[n−p]R
B . (5.50)
The spin connection ωABM is defined by the vielbein postulate (5.6)
deA + ωAB ∧ eB =
i
4
ψ¯ΓAψ . (5.51)
Extracting the 1–form basis
{
dxM
}
, it becomes
∂[M e
A
N ] + ω
AB
[M ηBC e
C
N ] =
i
4
ψ¯[M Γ
AψN ] . (5.52)
As in the case of inverse vielbein, we expand in perturbative order. We obtain the following result
ω[n]DCM = e
[0]
M A
[
Ω[n]DC ,A − Ω[n]CA ,D − Ω[n]AD ,C
]
,
Ω[n]DC ,A = e[0]N [D e[0]MC]
∂[M e[n]AN ] + n∑
p=1
ω[n−p]AB[M ηBC e
[p]C
N ] −
i
4
n∑
p=1
ηAB ψ¯[p][M ΓBψ
[n−p+1]
N ]
 .
(5.53)
5.2.1 Wig in Global Coordinates
From the Killing spinors and the definitions (5.42) it is useful to compute the following bilinears
¯ = C2 ,
¯Γ0 = i [−fC0 + r (cC3 − sC1)] ,
¯Γ1 = −i [cC1 + sC3] ,
¯Γ2 = i [−rC0 + f (cC3 − sC1)] , (5.54)
where c = cos (t− φ) and s = sin (t− φ). At first order in bilinears the gravitino 1–form reads
ψ[1] =
1
2
[
(N − f) Γ0 − J
2r
Γ2
]
 (dt− dφ) + 1
2
(
1
N
− 1
f
− J
2r2N
)
Γ1 dr . (5.55)
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The first order wig is
g[1] =
1
4
[
M − r2 + fN]C2 dt2 − 1
8r2N2f
[
2r2 (N − f) + fJ]C2 dr2+
− 1
8
[
J + 2M − 2r2 + 2fN]C2 dtdφ+ J
8
C2 dφ2 . (5.56)
The gauge field is9
A[1] =
1
8
[
C0
(
f (N − f)− J
2
)
+ (cC3 − sC1)
(
−r (N − f) + fJ
2r
)]
(dt− dφ)
+
1
8
(
1
N
− 1
f
− J
2r2N
)
(cC1 + sC3) dr . (5.57)
The first order of the spin connection is obtained from the vielbein postulate. Using standard coordinates
transformation, the singularity in N = 0, being apparent as in the zero order metric (5.11), can be removed.
Notice that all dangerous 1/N terms appear along the dr component. The pattern repeats itself at the second
order.
Iterating the procedure, namely by inserting the first order corrections in (6.42), we derive the second
order results. The gravitino is
ψ[2] =
1
96r(r + f)3/2
[(
(J − 2rf) (C0 − sC1 + cC3) +
− (r2J + 2rf(J + r2) + f2(J + 4r2) + 2rf3 − 2rN(r + f)2)×
× (C0 + sC1 − cC3)
)(
(1l + Γ1) + (r + f)(1l− Γ1)
)
+
+
(
(−J − 2rN + 2rf)(1l− Γ1) + (rJ − 2rN(r + f)+
+ f(J + 2r2 + 2rf))(1l + Γ1)
)
(r + f)Γ0C2
]
×
×
(
sin
[
t− φ
2
]
1l− cos
[
t− φ
2
]
Γ0
)
 (dt− dφ) +
+
1
96r2Nf(r + f)1/2
(
2r2N + f(J − 2r2))×
×
(
− (1l + Γ1) + (r + f)(1l− Γ1)
)(
cos
[
t− φ
2
]
1l− sin
[
t− φ
2
]
Γ0
)
C2 dr . (5.58)
The second order wig reads
g[2] =
1
128r2
[
J2 − 2r2 (N − f) (2N − f)]C22 dt2+
− 1
256r2
[
J
(
3r2 + 2J
)− 4r2 (N − f) (3N − 2f)]C22 dtdφ+
+
1
256r2N2f2
(
Jf + 2r2 (N − f)) (Jf + 2r2 (N − 2f))C22 dr2+
+
1
256r2
[
J
(
J + 2r2
)− 4r2 (N − f)2]C22 dφ2 . (5.59)
The second order gauge field is zero.
9c and s are defined as in (5.54)
5.2 Fermionic Wig 85
We note that first order wig (5.56) is proportional to the bilinear C2 only, while the second order one
(5.59) depends on C22. In addition, for J → 0 and M → −1 we recover the AdS3 solution since in that
case the supersymmetry preserves the solution and then there is no wig at all. The complete wig does not
depend on t and φ, therefore the isometries of the BH are preserved. In the next section we will compute the
associated conserved charges, namely the mass and the angular momentum. The gauge field, which is zero
at the bosonic level, is generated at the first order, but it receives no contribution at higher orders.
Notice that it is possible to recast the complete metric g = g[0] + g[1] + g[2] in the following form
ds2 = −N˜2dt2 + ρ2
(
N˜φdt+ dφ
)2
+
R2
N˜2ρ2
dR2 , (5.60)
where we defined
ρ2 = gφφ , N˜
φ =
gtφ
gφφ
, N˜2 = −detGred
gφφ
, R2 =
∫ r
0
√
−grrdetGred , (5.61)
with Gred reduced metric obtained cutting out the r–components of g.
5.2.2 Wig in Poincare´ Patch
In the following,M,J are defined as in (5.23) and we replace ζ → ζ to highlight the fermionic contributions.
The gravitino reads
ψ[1] =
1
8r
√
r
[σ1 [−J (1 + r)− 2r (r − 1) (r −N)] +
+iσ2 [−J (r − 1)− 2r (r + 1) (r −N)] +
+ (σ0 + σ3) r (t− x)
(−J − 2r2 + 2rN)] ζ (dt− dx) +
+
1
8r2
√
rN
(
J − 2r2 + 2rN) [σ0 (r − 1)− σ3 (r + 1) + (σ1 − iσ2) r (t− x)] ζ dr , (5.62)
and
ψ[2] =
1
192r2
√
r
[
iB3
([
1− r2 (−1 + (t− x)2)]− 2r(r −N) [1 + r2 (−1 + (t− x)2)])×
× (σ3(1− r) + σ0(1 + r) + (σ1 − iσ2)r(t− x)) +
+iB0
([
1− r2 (1 + (t− x)2)]− 2r(r −N) [1 + r2 (1 + (t− x)2)])×
× (σ3(1− r) + σ0(1 + r) + (σ1 − iσ2)r(t− x)) +
−2B2r (σ1 [J(1 + r) + 2r(r − 1)(r −N)] + iσ2 [J(r − 1) + 2r(r + 1)(r −N)] +
+(σ0 + σ3)r
(
J + 2r2 − 2rN) (t− x))+
+2iB1r
2
(−J − 2r2 + 2rN) (σ3(1− r) + σ0(1 + r) + (σ1 − iσ2)r(t− x))] ζ (dt− dx) +
+
J − 2r2 + 2rN
96r2N
√
r
[i (−B1 + (B0 −B3)(t− x))×
× (σ3(1− r) + σ0(1 + r) + (σ1 − iσ2) r(t− x)) +
+B2 (σ0(r − 1)− σ3(1 + r) + (σ1 − iσ2) r(t− x)] ζ dr . (5.63)
The metric corrections are
g[1] =
1
4
(
M − r2 + rN)B2dt2 − 1
8
(
J + 2M − 2r2 + 2rN)B2dtdx+
+
1
8
JB2dx2 − 1
8r2N2
(
J − 2r2 + 2rN)B2dr2 , (5.64)
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and
g[2] =
1
192
(
7M − 10r2 + 10rN)B22dt2 + 1192 (2J + 3M − 6r2 + 6rN)B22dx2+
− 1
96
(
J + 5M − 8r2 + 8rN)B22dtdx+
+
1
384r4N2
[
3J2 − 6r2M + 20r3 (r −N)− 2Jr (5r − 3N)]B22dr2 . (5.65)
The gauge field one–form is
A[1] =
1
32r2
[(
J − 2r2 + 2rN) (B3 + B0) + r2 (J + 2r2 − 2rN) ((1− r2 (t− x)2)B3+
−
(
1 + r2 (t− x)2
)
B0 − 2 (t− x) B1
)]
(dt− dx) +
− 1
16rN
(
J − 2r2 + 2rN) (B1 + (B0 + B3) (t− x)) dr , (5.66)
at second order, the gauge field is zero. Notice that in the large r expansion A[1]r = O
(
1
r3
)
. As expected,
the fermionic corrections collapse in the AdS3 limit M → 0, J → 0. Note that the metric correction (wig)
does not depend upon the boundary coordinates x,t. Moreover, there is no off–diagonal corrections in the rt
and rx components. Last remark: Notice that the metric does not depend on boundary coordinates t and x,
that is the two translational isometries of BTZ black hole are preserved by the wig. This allows to define the
wig’s mass and the angular momentum.
5.2.3 Large r Results in Poincare´ Patch
Here we present the obtained results in large r expansion. To simplify the notation, we define the following
expressions
F =
[
1 + (t− x)2]B0 + [−1 + (t− x)2]B3 + 2(t− x)B1 , F2 = 0 . (5.67)
and
H =
1
8
B2 +
1
96
B22 . (5.68)
The gravitino reads
ψ ∼ J +M
192
[√
rF (iσ0 + iσ3 − (iσ1 + σ2)(t− x)) +
− 1√
r
(2(12 + B2) (σ1 + iσ2) + (2(12 + B2)(t− x) + iF) (σ0 + σ3))
]
ζ (dt− dx) +
+
J −M
96r2
√
r
[12 + B2 − iB1 − i (B0 + B3) (t− x)] [σ0 − σ3 + (σ1 − iσ2)(t− x)] ζ dr . (5.69)
The full metric at large r is
g ∼− [r2 −M (1 + H)] dt2 − [J + (M + J)H] dtdx+
+
[
r2 + JH
]
dx2 +
1
r2
[
1 +
1
r2
(M − (M − J)H)
]
dr2 , (5.70)
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that is
g ∼− (r2 −M)dt2 − Jdtdx+ r2dx2 + 1
r2
(
1 +
M
r2
)
dr2+
+ H
[
Mdt2 − (M + J)dtdx+ Jdx2 − 1
r4
(M − J)dr2
]
. (5.71)
Last, the large r gauge field is
A ∼ −J +M
32
F(dt− dx)− J −M
16r3
[B1 + (B0 + B3)(t− x)] dr . (5.72)
In this limit we can rewrite the vielbein and the spin connection for the metric (5.70). They read
e0 =
(
r − M
2r
)
dt+
M
2r
H(dx− dt) ,
e1 =
(
1
r
+
M
2r3
+
M − J
2r3
H
)
dr ,
e2 =
(
r − J
2r
)
dx+
J
2r
H(dx− dt) , (5.73)
and
ω01 =
(
rdt− J
2r
dx
)
+ H
J
2r
(dt− dx) ,
ω02 = − 1
2r3
[J + (J −M)H] dr ,
ω12 = −
(
r − M
2r
)
dx−HM
2r
(dt− dx) . (5.74)
The large–r curvature 2–form is computed from the definition in (5.1). The non–zero components are
R01 =
M
2r2
Hdr ∧ dx+
(
1− J
2r2
H
)
dr ∧ dt ,
R02 =
[
r2 +
J
2
H− M
2
(1 + H)
]
dx ∧ dt ,
R12 =
J
2r2
(1 + H) dr ∧ dt−
[
1 +
M
2r2
(1 + H)
]
dr ∧ dx . (5.75)
It is easy to show that the equations of motion (5.6) are satisfied. In particular, in the large r limit, the term
−Λ4 εABCψ¯ΓCψ is subleading order, hence it does not contribute to the equations of motion.
5.3 Linearized Boundary Equations
We refer to sec. 4.4 to compute the Navier-Stokes equations dual to Einstein equations, for a boosted and
dilatate BTZ. However our method is slightly different: our fermionic degrees of freedom induce a non–zero
torsion that must be taken into account to verify Einstein’s equations. Moreover, we derive a new set of
equations of motion which emerges from the gravitino field equation.
Technically for computing the Riemann tensor we use the spin connection formalism:
Rab = dωab + ωac ∧ ωcb . (5.76)
88 Supersymmetric Fluid Dynamic from BTZ Black Hole
In the form language it is easy to check that – working at first order and expanding bˆ around 1 (no dilatation)
and w around 0 (no boost) – the boosted metric together with the boosted wig, satisfies (5.6).
As explained in sec. 4.5 when we promote the parameters to local functions of the boundary coordinates
the obtained metric is not a solution of the equations of motion anymore. In order to reconstruct a solution,
we must constrain the parameters to fulfill some equations which represent the equations of motion for the
boundary fluid and we also need to add corrections to the metric. Consequently, also the parameters must be
modified accordingly.10 Since we work in a perturbative procedure, the metric is corrected order by order in
the derivative expansion:
g → g(0) + g(1) + . . . , (5.77)
where g(0) represents the deformed metric and g(i) for i > 0 are the metric corrections at the order i in
boundary derivatives. In the following we limit our discussion at first order, namely we consider only g(1)
correction.
As a warming–up exercise, we compute the NS equations from the constraint equations derived from the
metric variation due to the AdS3 isometries acting on the global BTZ black hole metric
δg = Lξ (gBH) , (5.78)
where gBH is the BTZ metric (5.11) and ξ are defined in (5.20). We observe that all isometries are broken,
except the ones generated by e0 and f0.
We now proceed as follows. First of all, we promote all Killing vectors parameters to local functions of
the boundary coordinates (t and φ); then we check Einstein’s equations for the metric
g = gBH + δg + g
(1) (5.79)
which, as expected, are not satisfied. Yet, imposing them yields the following equations for the functions
b0, d0 . . . expanding near t = φ = 0 we get:
J0 [∂φ (b0 + d0) + ∂t (b0 − d0)]− 2 (1 +M0) ∂t (b0 + d0) = 0 ,
J0 [∂t (b0 + d0) + ∂φ (b0 − d0)]− 2 (1 +M0) ∂φ (b0 + d0) = 0 . (5.80)
Note that these equations are computed in the global AdS3; for other choices of neighborhoods, for example
t = φ = pi/2, similar equations for the other parameters are obtained. These are the Navier-Stokes equations
derived by the global metric. As expected in the empty AdS3 limit J0 → 0,M0 → −1 they are satisfied
identically.
For what concerns the dynamical equations, the 3–dimensional case is slightly different from higher
dimensional cases. In fact, once the constraint equations are satisfied, no further corrections are needed
and Einstein’s equations are satisfied up to the first order in the derivative expansion. Therefore g(1) can
be set to zero. This is an important result since it implies that we are dealing with a perfect fluid with no
dissipative corrections (contrary to [36], where the non-vanishing first order corrections corresponded to the
shear tensor) and with second order, non–dissipative transport coefficients.
5.3.1 Corrected NS Equations
Having added fermionic fields to our scheme, the Navier-Stokes equations are now dual to the equations of
motion derived from the N = 2, D = 3 AdS−supergravity action (5.2).11
10The interested reader shall refer to [36, 37] for further details.
11Note thatN = 2 supergravity Killing spinors do not suffer the problem pointed out by Gibbons in [93]. In fact, their behavior
is stable even in the large r limit, in contrast with inN = 1 theories.
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Once the fermionic bilinears are taken into account, imposing equations of motion (5.6) and taking the
large r limit, we find:
M0
[
∂xb+ ∂tw − 1
16
(∂x + ∂t) B2
]
= 0 ,
M0
[
∂tb+ ∂xw − 1
16
(∂x + ∂t) B2
]
= 0 . (5.81)
These are the Navier-Stokes equations for the Poincare´ patch (cfr. (5.80)). Note that in this case they are
identically satisfied if M0 is set to zero.
Remarkably, as in the case of BTZ in global coordinates without fermionic wig, all the equations of
motion lead to (5.81). Therefore the first order metric correction g(1) can be set to zero. As in the previous
section, this means that the conformal fluid on the boundary have non – dissipative first order corrections, as
expected for a two dimensional conformal fluid.
5.3.2 Dirac-type equation
This is a truly original study, since nobody takes the deformation of Rarita-Schwinger equation in to account
in the present framework. Therefore we explain carefully the technique adopted.
We proceed as follows: first we consider the solution of Dψ = 0 where the spinor ζ is a constant field
(zero mode) and we promote it to be local upon boundary coordinates. This implies that we can rewrite the
gravitino field proportional to the fermionic field itself:
ψM = ΥMζ , (5.82)
where ΥM is a generic 2 × 2 matrix which depends on the coordinates t, r, x (and in principles also on the
bilinears) that can be decomposed on the basis of the Pauli matrices (5.5) and the identity. Notice that since
ψt = −ψx we have
Υx = −Υt . (5.83)
Consequently, the equations of motion read
εMNRDN (ΥRζ) = 0 , (5.84)
By promoting ζ to be local on the boundary coordinates t, x and using the equations of motion for the constant
ζ, eqs. (5.84) become
εMNRΥR∂Nζ(t, x) = 0 . (5.85)
Being ∂Nζ(t, x) a spinor, it can be written as a linear transformation of the spinor ζ(t, x) itself
∂Nζ(t, x) = ΘNζ(t, x) , (5.86)
where ΘN is a 2× 2 matrix. Notice that since ζ is not a function of the radial coordinate r, we have
ΘR = {Θt(t, x), 0,Θx(t, x)} . (5.87)
Eqs. (5.85) then reduce to
εMNRΥRΘNζ(t, x) = 0 , (5.88)
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which in components read
(ΥrΘx −ΥxΘr) ζ = 0 , (ΥtΘx −ΥxΘt) ζ = 0 , (ΥrΘt −ΥtΘr) ζ = 0 . (5.89)
Using (5.83) and (5.87) we have
Θx = −Θt , ΥrΘtζ = 0 . (5.90)
Thus, there is only one independent matrix Θ:
Θt ≡ Θ =
(
θ11 θ12
θ21 θ22
)
. (5.91)
Considering only the first order gravitino (5.62), after a straightforward computation at leading order in
r →∞ expansion we get
Υr ∼ 1
4
(J −M)r−5/2
( −1/r 0
(t− x) 1
)
, (5.92)
In r →∞ asymptotic limit the matrix Υr is no longer invertible, therefore the second equation of (5.90) in
that limit becomes:
[θ21 + θ11(t− x)] ζ1 + [θ22 + θ12(t− x)] ζ2 = 0 , (5.93)
where ζ1 and ζ2 are the Grassmann components of ζ. Solving for generic ζ1, ζ2, we obtain
θ21 = −(t− x)θ11 , θ22 = −(t− x)θ12 . (5.94)
Summing up the results, eqs. (5.86) read
∂tζ1 = θ11ζ1 + θ12ζ2 , ∂tζ2 = −(t− x) (θ11ζ1 + θ12ζ2) ,
∂xζ1 = −θ11ζ1 − θ12ζ2 , ∂xζ2 = +(t− x) (θ11ζ1 + θ12ζ2) , (5.95)
Notice that this implies
(∂t + ∂x) ζ = 0 . (5.96)
From the definitions (5.42), we compute the bilinears derivatives
∂tB0 = B0 [Reθ11 − (t− x)Reθ12] + B1 [Reθ12 − (t− x)Reθ11] +
+ B2 [Imθ12 + (t− x)Imθ11] + B3 [Reθ11 + (t− x)Reθ12] , (5.97)
∂tB1 = B0 [Reθ12 − (t− x)Reθ11] + B1 [Reθ11 − (t− x)Reθ12] +
−B2 [Imθ11 + (t− x)Imθ12]−B3 [Reθ12 + (t− x)Reθ11] , (5.98)
∂tB2 = B0 [Imθ12 + (t− x)Imθ11] + B1 [Imθ11 + (t− x)Imθ12] +
+ B2 [Reθ11 − (t− x)Reθ12]−B3 [Imθ12 − (t− x)Imθ11] , (5.99)
∂tB3 = B0 [Reθ11 + (t− x)Reθ12] + B1 [Reθ12 + (t− x)Reθ11] +
+ B2 [Imθ12 − (t− x)Imθ11] + B3 [Reθ11 − (t− x)Reθ12] . (5.100)
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where
Reθ =
1
2
(θ + θ∗) , Imθ =
1
2i
(θ − θ∗) . (5.101)
The x–derivative of bilinears satisfies
∂xBi = −∂tBi . (5.102)
The last equation has a strong implication on the linearized Navier-Stokes equations (5.81), indeed this im-
plies that the last term there vanishes. Therefore, the two sets of equations are decoupled at the linearized
level. This yields the possibility of a clear separation of the bosonic and fermionic degrees of freedom. It
would be very interesting to study the complete non-linearized version of these equations.
5.4 Physics at the Horizon and at the Boundary
5.4.1 Energy–Momentum Tensor dual to BTZ black hole
Using the Brown–York and Kraus–Balasubramanian technique [70, 71] described in 4.3 we compute the
boundary energy–momentum tensor Tµν0 for the boosted metric in Poincare´ patch. Notice that Greek indices
labels the boundary coordinates t, x.
Defining the normal vector nM to constant r−slice we can compute the extrinsic curvature and then the
boundary energy–momentum tensor. This turns out to be
Tµν0 =
1
2
(
M −J
−J M
)
. (5.103)
In order to get the usual form of perfect fluid energy–momentum tensor
Tµν0 = η
µν + 2uµuν , (5.104)
it is sufficient to consider the case J0 = 0. Indeed the metric will acquire angular momentum due to the
Lorentz transformation as shown in (5.25). The fluid boundary energy–momentum tensor dual to the metric
(5.11) with J0 = 0,M0 6= 0 is the standard one for the perfect fluid in the rest frame.
Then we perform the boost transformation which switches on an angular momentum and modifies the
mass parameter
M =
1 + w2
1− w2M0 , J =
2w
1− w2M0 . (5.105)
Notice that our results are in perfect agreement with [92] since we obtain the extremality condition once we
set |w| = 1. Starting from the boosted metric, i.e. the metric (5.11) in which M0 and J0 has been replaced
with eqs. (5.25) and r with (5.26), the computation of Tµν0 yields
Tµν0 = M0γ
(
1 β
β 1
)
. (5.106)
where γ and β are defined in (5.28). Setting
u0 =
1√
1− w2 , u
1 = − w√
1− w2 , (5.107)
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we find precisely (5.104) where uµ is the normalized fluid velocity (i.e. uµuµ = −1).
It is now straightforward to recover the variation of Tµν0 due to a dilatation. In fact, being proportional
to M0, it scales as
Tµν0 → Tµν =
1
bˆ2
Tµν0 . (5.108)
Using the results obtained in [43] we compute the Brown-York energy–momentum tensor dual to the
BTZ black hole with fermionic wig. Note that this is an exact result since the series in the fermionic bilinears
naturally truncates at second order:
Tµν =
M0
2bˆ2
(1 + H) (ηµν + 2uµuν)− M0
2bˆ2
H εµσ (δνσ + 2u
νuσ) , (5.109)
Eq. (5.109) can be recast in the following form
Tµν =
M0
2bˆ2
(1 + H) (ηµν + 2uµuν)− M0
bˆ2
H ε(µ|σ uν)uσ . (5.110)
By assuming that the bilinears contained in H are local quantities, the equations for the conservation of the
energy-momentum tensor Tµν lead to differential equations involving also the bilinears. At linearized level
these equations reduce to eqs. (5.81).
5.4.2 Redefining the Velocity
At first glance, equation (5.110) reveals a parity-violating term. This term has been studied in [96], where
anomalous fluid are considered, and they concluded that the most general form for it is
∆Tµν = −
[
µ2C + α
(
T 2 +
2nTµ
s
)]
u(µ u˜ν) , (5.111)
where u˜µ = εµνuν , C is the coefficient of the anomaly, T is the temperature, n is the fluid charge density, s
the entropy density, µ is the chemical potential and α an arbitrary integration constant.
Nevertheless, as pointed out by [97], the anomaly require the following background metric and gauge
field
ds2 = −e2σ (dt+ a1dx)2 + g11dx2 , (5.112)
A = A0dt+A1dx .
where σ, a1 and g11 are functions of x, t. In the present case we have
ds2 =− dt2 + dx2 , (5.113)
A =− 1
32
(M + J)
[
2B1 (t− x) + B3
(−1 + t2 − 2tx+ x2) +
+B0
(
1 + t2 − 2tx+ x2)] (dt− dx) , (5.114)
and, comparing with (5.113) we get
σ = 0 , a1 = 0 , g11 = 0 , F = dA = 0 . (5.115)
Using the Poincare´ lemma, we conclude that A = dλ globally, therefore A is a pure gauge and our theory is
not anomalous.
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Thus C = 0 leads to
∆Tµν = 2αT 2u(µ u˜ν) . (5.116)
As explained in [96], in absence of an anomaly there is the freedom to add this term and it corresponds
to a choice of the entropy current. In fact, it is possible to recast the energy–momentum tensor (5.110) in the
perfect fluid form
Tµν = (1 +
1
8
B2 +
1
384
B22)
M0
2bˆ2
(2UµUν + ηµν) , (5.117)
through a redefinition of the velocity field
uµ → Uµ =
(
1 +
1
512
B22
)
uµ − 1
16
(
B2 − 1
24
B22
)
u˜µ . (5.118)
Note that Uµ is correctly normalized to −1. Recalling the conformal thermodynamics identities [89]
b =
1
2piT
, p = ρ =
M0
2b2
= 2pi2T 2 , (5.119)
we immediately see that the temperature gets a shift due to the presence of bilinears
T ′ = T
(
1 +
〈B2〉
16
− 〈B
2
2〉
1536
)
, (5.120)
where the brackets denotes the v.e.v. of the bilinears.
We have to make one important remark: the expression of the temperature in terms of the bilinear acquires
a numerical value whenever the bilinear have a v.e.v. computed by path integral means (we have to recall
that Grassmann numbers pertain only to the quantum realm). The procedure is similar to what is usually
done in the case of solitons in gauge theories and supergravity [98, 99] and the gravitinos condensate leads
to non-vanishing v.e.v. of the bilinears interested in the previous formula. In the case of BTZ black hole, the
gravitational action evaluated on the solution with the wig has never been computed and it will be presented
elsewhere.
5.4.3 Horizon and Entropy
In the following we present the entropy computed from the wig of the BTZ in global coordinates. By direct
computation we notice that the event horizon radius
r2± =
1
2
(
M ±
√
M2 − J2
)
. (5.121)
is not modified by the presence of the fermionic wig. We can compute the entropy from Bekenstein–Hawking
formula
S =
1
4
AH , (5.122)
where the area of the horizon reads
AH =
∫ 2pi
0
√
gφφ(r+)dφ , (5.123)
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and is computed using the complete metric with the wig. We obtain the following result
S =
pi
2
[
r+ + 〈C2〉 J
16r+
+ 〈C22〉
1
512r3+
(
J2 + 2r2+ (J − 2− 2M)
)]
, (5.124)
where we take the v.e.v. for the bilinears. As can be seen the entropy of the black hole is modified by the
presence of the wig confirming that we are studying a new solution of the theory where the fermions play a
fundamental roˆle. Setting J = 0 the first order correction vanishes. This could also have been checked by
a simple infinitesimal calculation. Nonetheless, the second order corrections do not vanish. In particular for
vanishing angular momentum the third term in the above equation becomes proportional to M + 1 which
vanishes for M = −1, namely global anti-de Sitter.
By setting J = M in the case of extremal solution, we find the simplified formula
S =
pi
2
√
2M
(
1
2
+
1
16
〈C2〉+ M − 2
128M
〈C22〉
)
, (5.125)
showing that also in the case of extremal black hole the entropy is modified.
5.4.4 Conserved Charges for Global Wig
Here we compute the conserved charges associated with the isometries of the BTZ black hole. We use
holographic technique based on the boundary energy momentum tensor Tµν [39, 70, 71, 88, 90]. To perform
the computation we cast the boundary metric γµν in ADM–like form
γµνdxµdxν = −N2Σdt2 + σ(dφ+NφΣdt)2 , (5.126)
where Σ is the 2–dimensional surface at constant time and the integration is over a circle at spacelike infinity.
The conserved charges associated to the Killing vectors ξ are defined as
Qξ = lim
r→∞
∫
V
dx
√
σuµTµνξ
ν (5.127)
where uµ = N−1Σ δ
µt is the timelike unit vector normal to Σ.
In the present case, the global wig does not depend on t and φ. Thus, the two resulting Killing vectors
are
ξµ1 = δ
µt , ξµ2 = −δµφ . (5.128)
The associated charges are respectively the mass Mtot and the angular momentum Jtot. After a short com-
putation we find
Mtot = M +
1
8
(1 +M + J)
(
〈C2〉+ 1
16
〈C22〉
)
,
Jtot = J +
1
8
(1 +M + J)
(
〈C2〉+ 1
16
〈C22〉
)
. (5.129)
As in the previous section, the charges ought to be numbers with a given value, then in formula (5.129) the
bilinear C2 are substituted with its v.e.v. 〈C2〉. In that way the mass and the angular momentum Mtot and
Jtot make sense. A vacuum with non–vanishing v.e.v. for bilinears might explicitly break supersymmetry,
leading to a modified mass and angular momentum which depend on them.
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Note that Mtot− Jtot = M − J and the fermionic corrections do not affect the difference between mass
and angular momentum. Thus, if the extremality condition is imposed we expect that it is not lifted.
From action (5.1) we derive the conserved electric charge q
q = lim
r→∞
1
2
∮
dφ
√
σNσ ε
tMN iψ¯MψN . (5.130)
Using the equations of motion (5.6) we can rewrite it in terms of the field strength of gauge field A. The
computation shows that the leading term of the integral in the large r expansion isO
(
1
r
)
, thus in the r →∞
limit q vanishes.
The superchargeQ is connected to the presence of Killing spinors [94, 95]. As we have already pointed
out, the present work deals with non–extremal BTZ black hole and therefore supersymmetry is totally bro-
ken. As a consequence, no Killing spinor exists and thus there is no conserved supercharge.
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Chapter 6
Fermionic Wigs for Higher Dimensions
In this section we compute the complete wig for AdS5-Schwarzschild black hole solution ofN = 2, D = 5
supergravity. From this result we derive the boundary energy–momentum tensor. Hence, we repeat the
procedure for the 4–dimensional case.
We start from a Schwarzschild–type solution, breaking all supersymmetries. The metric depends upon
the coordinate r measuring the distance between the center of AdS5 space and the boundary. To choose a
flat D = 4 boundary we consider the metric in Poincare´ patch. Notice that Lorentz symmetry is manifestly
broken by our solutions since the time is treated differently from 3d space coordinates. With the factorization
of the metric into a 2d space-time (r, t) and 3d space (xi), we can factorize the spinors into corresponding
irreducible representations. We compute theAdS5 Killing spinors and we see that there are two independent
choices which are relevant for our study. Then, we compute the variation of the gravitino fields under the
supersymmetry where the parameters are replaced by the Killing spinors. That produces the first term of the
fermionic expansion of the gravitino solutions to the Rarita-Schwinger equation of motion. The next step is
to compute the second variation of the metric in terms of fermionic bilinears (λ, N, Ki). That is achieved
by computing the second supersymmetry variation of the metric. At this stage one can check whether the
Einstein equations are indeed satisfied. Already at this step, the usage of Fierz identities to rearrange the
bilinears is essential to reduce all possible terms. The iteration proceeds until the number of independent
fermions truncates the series. In the process, the gauge field (the graviphoton), which has been set to zero
from the beginning, is generated and its field is proportional to the fermion bilinears. We check also the
Maxwell equations order-by-order.
The computation of the Killing spinors reveals that there are essentially two structures to be taken into
account (in the text we denote those contributions as η0 and η1). In the first case the complete solution
obtained by resumming all fermionic contributions is rather simple since the dependence upon the boundary
coordinates is very mild. On the contrary the computations of the complete metric in the case of η1 is rather
length since all possible structures are eventually generated. In addition, the two structures, at a certain point,
start to mix and therefore a long computation has to be done. This is due to the fact that by breaking Lorentz
invariance from the beginning all terms of the spin connection, of the vielbeins and of the gauge fields are
generated. Therefore we cannot use covariance under Lorentz transformation to cast our computation in an
elegant and compact form and, generically, all components are different from zero. Technically, in order to
re-sum all contributions we compute the full solution using Mathematica R©. The result is provided in a
form which is still difficult to read (the electronic notebook with solutions is provided as ancillary files of
the preprint publication of [40]). Nevertheless, we make some remarks regarding the results and we give the
explicit formulas for the simplest cases.
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We perform the computation of the wig and the boundary energy–momentum tensor also for D = 4
model, since it is very similar to the D = 5 one.
Our construction has different purposes. First of all, we will use the present results to derive the complete
non-linear Navier-Stokes equations with fermionic contributions [39]. That would be the natural final aim
of the present work, but since the results are independent from that, we decided to present the derivation of
NS equations in a separate paper. Second, the natural question is whether the same analysis can be done
also in the case of BPS solutions. For that we refer to the first step given in [106] and we will complete their
constructions by our algorithm.
Another question is the case of D = 4. In that case a complete explicit solution is attainable and we will
publish this result elsewhere.
6.1 Truncated N = 2, D = 5 Gauged Supergravity
We provide some useful ingredients for our computation based on papers [100, 101, 102, 103, 104, 105, 106].
We consider the model N = 2, D = 5 gauged supergravity, but we truncate the spectrum in order to deal
with the simplest solution in AdS5 for the present paper.
6.1.1 Action
The N = 2, D = 5 gauged supergravity action was constructed in [100, 101, 102, 103, 104], coupling the
pure supergravity multiplet with vector and tensor multiplets. In this paper we consider a consistent trunca-
tion of that action, in order to deal with Schwarzshild solution in AdS5. We consider the pure supergravity
multiplet, formed by the vielbein eAM , two gravitini ψiM and the graviphotonA0M , andN−1 vector multiplets
composed by vector fields AI˜M , gauginos λi I˜ and scalar fields qI˜ .1
To gauge the U (1) subgroup of SU (2) R–symmetry group, we consider a linear combination of vector
fields AI˜M and graviphoton AM : AM = VIAIM , where {VI} are a set of constants and index I labels the
graviphoton and the N − 1 vector fields. The gauging procedure introduces a potential in the action which
depends on the scalar qI˜ . In order to simplify thisAdS5 model we set the potential and the scalars to constant,
and the gauginos to zero. The resulting action is then
e−1L = 12R(ω)− 14aIJ F̂ IMN F̂ JMN − 12 ψ¯RΓRMMDMψN + 4g2 ~P · ~P
+ 1
6
√
6
e−1εMNLRSCIJKAIM
[
F JNLF
K
RS + fFG
JAFNA
G
L
(−12gFKRS + 110g2fHGKAHRAGS )]
− 18e−1εMNLRSΩI′J ′tIKI
′
tFG
J ′AIMA
F
NA
G
L
(−12gFKRS + 110g2fHGKAHRAGS )
−
√
6
16 ihIF
CDI ψ¯AΓABCDψ
B + g
√
3
8 iPijψ¯
i
AΓ
ABψjB +
1
8 ψ¯AΓBψ
Bψ¯AΓCψ
C
− 116 ψ¯AΓBψCψ¯AΓCψB − 132 ψ¯AΓBψCψ¯AΓBψC + 132 ψ¯AψBψ¯CΓABCDψD. (6.1)
where g is the U(1) coupling constant. Indices {F, . . . ,K} are the special geometry ones, {L,M,N, . . . }
are the curved bulk indices and {A, . . . ,D} labels flat bulk directions. The quantities ΩIJ , CIJK , tIJK , ~P ,
hI are related to special geometry (see [102, 103, 104]). Notice that when the i spinorial indices are omitted,
northwest-southeast contraction is understood, e.g. ψ¯CψD = ψ¯iCψiD. We define the supercovariant field
1Index i labels the two spinor fields in symplectic–Majorana representation.
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strengths F̂ IAB such that
F̂ IAB = F
I
AB − ψ¯[AΓB]ψI +
√
6
4
iψ¯AψBh
I ,
F IMN ≡ 2∂[MAIN ] + gfJKIAJMAKN . (6.2)
We define also ~P ≡ hI ~PI . The covariant derivative reads
DMψiN =
(
∂M +
1
4ωM
ABΓAB
)
ψiN − gAIMPI ijψNj . (6.3)
This action admits the following N = 2 supersymmetry:
δeM
A = 12 ¯Γ
AψM ,
δψiM = Dµ(ωˆ)
i + i
4
√
6
hI F̂
INR(ΓMNR − 4gMNΓR)i − 1√6 igP
ijΓM j ,
δAIM = −
√
6
4 ih
I ¯ψM . (6.4)
We also denoted
DM (ωˆ)
i = DM (ωˆ)i − gAIMP ijI j , (6.5)
where ωˆ indicates the spin connection defined through vielbein postulate, as we will see in the forthcoming
sessions.
6.1.2 Spinors Relations
For our purpose, we find convenient to work with Dirac spinors instead of symplectic–Majorana.2 Therefore
we dedicate the present subsection to illustrate and remind the reader the translation table.
For 5 dimensions SM spinors λi with i = {1, 2}, the complex conjugate is defined through
(λi)∗ = CΓ0λi , (6.6)
the bar is the Majorana bar
λ¯i = (λi)TC , (6.7)
where C is the charge conjugation matrix satisfying
CT = −C , C∗ = −C , C2 = C†C = I ,
(CΓM )T = −CΓM , ΓTM = CΓMC−1 . (6.8)
Thus, the following expressions are real
iλ¯iψi , λ¯
iΓMψi . (6.9)
Notice that the index i is raised and lowered by the antisymmetric tensor εij .
For our purpose, we need Dirac spinors  and the bar represents the Dirac adjoint
¯ = †Γ0 . (6.10)
It is possible to construct one Dirac spinor from two SM: one has  = λ1 + iλ2. For consistency then we
have ¯ = λ¯1 − iλ¯2.
Using the above relations we express the quantities (6.9) in terms of Dirac spinors
iλ¯iψi = Re (¯ψ) , λ¯iΓMψi = Re (−i¯ΓMψ) , (6.11)
where Re(x) denotes the real part of x.
2Dirac spinors are also used in [105, 106] while symplectic–Majorana ones are present in [100, 101, 102, 103, 104].
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6.1.3 Susy Transformations
The supersymmetry transformations (6.19) forN = 2,D = 5 gauged supergravity written with Dirac spinors
are
δe
A
M =−
1
2
Re
(
i¯ΓAδψM
)
,
δgMN =− 1
2
Re
(
i¯Γ(M δψN)
)
,
δψM =DM (ωˆ) + i
4
√
6
eaMhI Fˆ
I BC (ΓABC − 4ηABΓC)  ,
δA
I
M =−
√
6
4
Re
(
¯ψMh
I
)
, (6.12)
where
Fˆ IAB =F
I
AB +
√
6
4
ψ¯[AψB]h
I ,
DM (ωˆ) =DM (ωˆ)− gAIMPI ,
DM (ωˆ) =∂M +
1
4
ωˆABM ΓAB −
i√
6
gPΓM . (6.13)
In order to compare this with the AdS covariant derivative
DM (ωˆ) = ∂M +
1
4
ωˆABM ΓAB +
1
2
eAMΓA , (6.14)
we set
gP =
i
2
√
6 . (6.15)
From the special geometry construction, hI satisfies
hIh
I = 1 , (6.16)
then, in our particular case, where the gauge fields are generated only from susy transformation (6.12) while
the zero–order is zero, we define the gauge field as
AIM = AMh
I . (6.17)
Doing so, all the indices I and the quantity hI disappear from the equations. Moreover, using eq. (6.15), the
A–part in the covariant derivative becomes
−gAIMPI = −
i
2
√
6AM . (6.18)
Finally, the simplified susy transformations now read
δe
A
M =−
1
2
Re
(
i¯ΓAδψM
)
,
δgMN =− 1
2
Re
(
i¯Γ(M δψN)
)
,
δψM =DM (ωˆ) + i
4
√
6
eAM Fˆ
BC (ΓABC − 4ηABΓC)  ,
δAM =−
√
6
4
Re (¯ψM ) , (6.19)
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where
FˆAB =FAB +
√
6
4
ψ¯[AψB] ,
Dµ (ωˆ) =Dµ (ωˆ)− i
2
√
6AM ,
DM (ωˆ) =∂M +
1
4
ωˆABM ΓAB +
1
2
eAMΓA . (6.20)
As last remark, notice that torsion is not zero:
deA + ωAB ∧ eB =
i
4
ψ¯ΓAψ , (6.21)
then, the spin connection ωˆ is written in terms of both vielbein and gravitino bilinears. Moreover, the abelian
field strength reads
FMN =DMAN −DNAM = ∂MAN − ∂NAM + i1
4
ψ¯[M Γ
AψN ]AA . (6.22)
We are left with the vielbeins, the gauge field and the Rarita-Schwinger (RS) field, which form the N = 2,
D = 5 pure supergravity. Now, we can truncate to the bosonic sector and we consider a Schwarzschild–type
solution which is asymptotically AdS. Of course there are also more intricated solutions with non–constant
scalar fields or gauge fields, but we do not take these cases into account in the present work.
6.1.4 Background Setup
We choose a AdS5 solution of pure Einstein gravity as background
ds2 = −r2dt2 + 1
r2
dr2 + r2
3∑
i=1
dx2i , AM = 0 , ψM = 0 , (6.23)
where the metric is given in the Poincare´ patch. Notice that in this initial set up the gauge field and the
Rarita–Schwinger fields are set to zero [81] and AdS5 radius is set to 1. The associated non-zero vielbein
components are
e0t = r , e
1
r =
1
r
, eai = rδ
a
i ; (6.24)
while the non-zero spin connection components are
ω01t = r , ω
a1
i = rδ
a
i . (6.25)
Notice that we will use capital latin letters to indicate bulk directions (i.e. M,N run from 0 to 4) leaving
greek alphabet to boundary ones (i.e. µ, ν run from 0 to 3) furthermore {t, r, i} are curved indices and
{0, 1, a} represent flat ones.
In presence of a uncharged, irrotational black hole eq. (6.23) becomes
ds2 = −
(
r2 +
µ
r2
)
dt2 +
1
r2 + µ
r2
dr2 + r2
3∑
i=1
dx2i , (6.26)
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in this case the non-zero vielbein components are
e0t =
√
r2 +
µ
r2
, e1r =
1√
r2 + µ
r2
, eai = rδ
a
i ; (6.27)
and the non-zero spin connection components are
ω01t = r −
µ
r3
, ωa1i =
√
r2 +
µ
r2
δai . (6.28)
6.2 Killing Spinors
Here we compute AdS Killing spinors. We found that there are two independent solutions. These are ob-
tained by first factorizing the Dirac spinors into a 2d spinor and a 3d spinor in their irreducible representations.
The Killing spinor equation for AdS5 reads(
∂M +
1
4
ωabMΓab +
1
2
eaMΓa
)
 = 0 . (6.29)
with Γab = 12 (ΓaΓb − ΓbΓa). In components we have
∂t+
r
2
Γ0 (Γ1 + 1l)  = 0 ,
∂r+
1
2r
Γ1 = 0 ,
∂i+
r
2
Γi (Γ1 + 1l)  = 0 . (6.30)
We can divide the 5 dimensional space in two parts: {t, r} and {xi} using the following gamma matrices
parametrization
Γ0 = iσ2 ⊗ σˆ0 , Γ1 = σ1 ⊗ σˆ0 , Γa = σ3 ⊗ σˆa , (6.31)
where σ0 is the identity matrix in 2d. Hatted matrices refer to xi space. In this way, the solution of eq. (6.29)
is
 =
(
1√
r
− t√rσ3
)
ε0 ⊗ η1 −
√
rσ3ε0 ⊗ η2 , (6.32)
where
η2 =x
kσˆkη1 + η0 , (6.33)
and η1 , η0 are 2–dimensional complex spinors (and so contain 8 real dof’s) while ε0 is a real 2–dimensional
spinor with only one dof. The total number of degrees of freedom is then 1× 8. The solution (6.32) can also
be written as
 =
1√
r
σ0 ⊗ σˆ0 ε0 ⊗ η1 −
√
rσ3 ⊗
(
tσˆ0 + x
iσˆi
)
ε0 ⊗ η1 −
√
rσ3 ⊗ σˆ0 ε0 ⊗ η0 . (6.34)
Notice that ¯ΓM  reproduces the Killing vectors (4.71) as expected.
6.3 Algorithms 103
6.3 Algorithms
In this section we present the algorithm to compute the wig for the Schwarzschild–like black holes in 5
dimensions.
6.3.1 Gravitino
Using definitions (6.19), (6.20), and (6.22) we get
δψM =
(
∂M +
1
4
ωˆABM ΓAB +
1
2
eAMΓA −
i
2
√
6AM
)
+
+
i
4
√
6
eAM (ΓABC − 4ηABΓC)  ηBB
′
ηCC
′ [
eRB′ e
S
C′
]×
×
[
∂RAS − ∂SAR + i
4
ψ¯[R ΓA ψS] η
AA′ AA′ +
√
6
4
ψ¯[RψS]
]
. (6.35)
In order to compute the gravitino variation ψ[n]M order by order we separate the expression above in different
pieces
• D[n]M (ωˆ)  =
(
∂
[n]
M +
1
4 ωˆ
[n−1]AB
M ΓAB +
1
2e
[n−1]A
M ΓA − i2
√
6A
[n−1]
M
)
: this part contains “2n − 1
spinors” (short way to say n− 1 bilinears and one spinor). Notice that ∂[n]M  is simply zero for n > 1;
• e[n]AM : contains n bilinears (2n spinors);
• (B)ABC = (ΓABC − 4ηABΓC) : this term contains always only one spinor ;
• (C [n])RS
B′C′ =
[
eRB′ e
S
C′
][n];
•
(
D
[n]
0
)
RS
= ∂RA
[n]
S − ∂SA[n]R ;
•
(
D
[n]
1
)
RS A
= −i [ψ¯[R ΓA ψS]][n];
•
(
D
[n]
2
)
RS
=
[
(D1)RS A η
AA′ AA′
][n]
;
•
(
D
[n]
3
)
RS
= −i [ψ¯[RψS]][n].
With these definitions, (6.35) becomes
δ[n] ψM =
1
2n− 1D
[n]
M (ωˆ) +
1
2n− 1
i
4
√
6
(
e[Ne]
)A
M
(B)ABC
(
C [NC ]
)RS
DE
ηBD ηCE×
×
[
D0 − 1
4
D2 +
i
√
6
4
D3
][ND]
RS
. (6.36)
To obtain the correct perturbative order [n] for δ[n] ψM the quantities Ne, NB, NC and ND must take the
values shown in the following table.
104 Fermionic Wigs for Higher Dimensions
n Ne NB NC ND
[1] (1/2) [0] (0) (1/2) [0] (0) 0
[2] (3/2) [0] (0) (1/2) [0] (0) [1] (1)
[3] (5/2) [0] (0) (1/2) [0] (0) [2] (2)
[1] (1) (1/2) [0] (0) [1] (1)
[0] (0) (1/2) [1] (1) [1] (1)
[4] (7/2) [0] (0) (1/2) [0] (0) [3] (3)
[1] (1) (1/2) [0] (0) [1] (2)
[0] (0) (1/2) [1] (1) [2] (2)
[1] (1) (1/2) [1] (1) [1] (1)
[2] (2) (1/2) [0] (0) [1] (1)
[0] (0) (1/2) [2] (2) [1] (1)
The numbers in square brackets are the perturbative order of the various pieces while the ones in round
brackets are the numbers of bilinears in the term, with the convention that 1/2 bilinear = 1 spinor.
Now, we have to give explicit algorithms to compute C [n], D[n]1 , D
[n]
2 and D
[n]
3 .
C [n]
Using the given conventions we obtain the following result(
C [n]
)RS
B′C′
=
[
eRB′ e
S
C′
][n]
=
=
n∑
p=0
e
[p]R
B′ e
[n−p]S
C′ . (6.37)
D
[n]
2
To obtain the D[n]2 term we need D
[n]
1 and the gauge field with flat index A
[n]
A =
[
eRAAR
][n]. For the former
we have (
D
[n]
1
)
RS A
=− i [ψ¯[R ΓA ψS]][n] =
=− i
n∑
p=1
ψ¯
[p]
[R ΓA ψ
[n−p+1]
S] , (6.38)
while the latter reads
A
[n]
A =
[
eRAAR
][n]
=
=
n∑
p=1
e
[p−1]R
A A
[n−p+1]
R . (6.39)
Then, D[n]2 becomes (
D
[n]
2
)
RS
=
[
(D1)RS A η
AA′ AA′
][n]
=
=
n−1∑
p=1
(
D
[p]
1
)
RS A
ηAA
′
A
[n−p]
A′ . (6.40)
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D
[n]
3
Last, in analogy with (6.38) we have(
D
[n]
3
)
RS
=− i [ψ¯[RψS]][n] =
=− i
n∑
p=1
ψ¯
[p]
[Rψ
[n−p+1]
S] . (6.41)
6.3.2 Vielbein and Metric
The vielbein is obtained as in eq. (6.19)
δe
[n]A
M =−
1
2
1
2n
Re
(
i¯ΓAψ
[n]
M
)
, (6.42)
then, the metric (the wig) becomes
g
[n]
MN =
n∑
p=0
e
[p]A
(M e
[n−p]B
N) ηAB . (6.43)
6.3.3 Gauge Field
Gauge field follows directly from eq. (6.19)
δ[n] AM = −
√
6
4
1
2n
Re
(
¯ψ
[n]
M
)
. (6.44)
6.4 Results
In this section we collect the results obtained from the algorithms described in the previous section. First,
we present the AdS5 wigs constructed from one of the two Killing spinors η0 and η1. Since each of them
contains 4 real degrees of freedom, the series truncates after the second order in bilinears.
The wig which depends only on η0 turned out to be too simple: we show that it gives no contribution
both to the ADM mass and to the boundary stress–energy tensor.
η1 6= 0, η0 = 0 case is more interesting: the explicit dependence on the boundary coordinates leads to a
modification to black hole Killing vectors. Furthermore, the boundary stress–energy tensor is not trivial and
it will be discussed.
In order to present the result in different ways, we give the full wig and two particular limits of it, ex-
panding in one case around small µ and in the other one around large r. The former limit allows us to study
a simplified, but a complete, metric while the latter shows the near boundary geometry.
The most general wig, obtained taking into account both η0 and η1, is derived. The degrees of freedom
are now 8, then the algorithm has to be iterated to the fourth order in bilinears. The full expression is really
cumbersome, even in the small µ and large r limits. Then, we do not write it in this work, but the interested
reader can find an electronic version in the ancillary files.
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We repeat the procedure described above for the AdS4 wigs. Apart from numerical coefficients, we find
no substantial differences from the AdS5 case. For this reason we present only the simplest results, leaving
the complete wigs in the ancillary files. Last remark, all wigs computed are asymptotically AdS.
6.4.1 Results for D = 5: η1 = 0 and η0 6= 0
In this section we compute the finite BH wig choosing η1 = 0 and η0 6= 0. We introduce the following
bilinears
M = −iη†0η0 , Vi = −iη†0σˆiη0 , λ = εt0ε0 , (6.45)
with these definitions, M and Vi are real numbers.
Complete Wig
The metric at first order is
δ[1]g = − µ
2r2h (r)
λM drdt , (6.46)
where we defined h (r) =
√
r2 + µ
r2
. The metric at second order is
δ[2]g = +
1
192r4
[
µ2 + µr3 (−5r + 14h(r)) + 18r7 (r − h(r))]λ2 M2 dt2+
+
1
192h(r)
[
µ (17r − 8h(r)) + 18r4 (r − h(r))]λ2 M2 d~x2+
+
1
96 (rh(r))3/2
[
µr (21r − 11h(r)) + 20r5 (r − h(r))]λ2 M2 dr2+
− 1
64r
[
µ (−r + 3h(r)) + 4r4 (r − h(r))]λ2 M Vi dtdxi . (6.47)
The gauge field is zero at every order.
Expansion
The complete metric result is now presented here in large-r expansion and this coincides with the small-µ
expansion.
ds2 = −
(
r2 +
µ
r2
)
dt2 +
(
1
r2
− µ
r6
)
dr2 + r2d~x2 − µ
2r3
λM drdt+
+
41µ2
768r4
λ2 M2 dt2 − 7µ
2
768r4
λ2 M2 d~x2 − µ
2
32r8
λ2 M2 dr2 − µ
2
32r4
λ2 M Vidtdxi . (6.48)
ADM mass
Following the procedure outlined in [106, 107] we compute the ADM mass for the η0 6= 0, η1 = 0 case. The
ADM mass is defined as
EADM = − 1
8piG
∫
Σ
N (Θ−Θ0) , (6.49)
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where N = √gtt is the norm of the timelike Killing vector ∂t, Θ is the trace of the extrinsic curvature of
a spacelike, near–infinity surface Σ and Θ0 is Θ computed in the background AdS5 geometry. Using the
definition of extrinsic curvature we can rewrite eq. (6.49) as
EADM = − 1
8piG
N (nµ − nµ0 ) ∂µAΣ , (6.50)
where nµ is the vector normal to Σ and AΣ is the area of Σ. In order to consider a near infinity space–like
surface, we use the large–r metric eq. (6.48). We define a new radial coordinate
ρ2 = r2 +
3µ
32
λ2 M2 , (6.51)
thus, the area of Σ is simply ρ3Vp, with Vp the coordinate volume of the surface parametrized by xi. The
ADM mass is then
EADM = − 3µVp
16piG
+O
(
1
ρ
)
, (6.52)
which is the result for Schwarzschild black hole. The wig constructed by bilinears only in η0 gives no con-
tribution to the ADM mass.
Boundary Stress–Energy Tensor
Using the prescription given in sec. 4.3 we compute the stress–energy tensor for the black hole wig. The
result is
Tµν = −µ
2
(4uµuν + ηµν) , (6.53)
where uµ = (1, 0, 0, 0) is the fluid velocity in the rest frame of the fluid. In this case, we have no contribution
from the BH wig.
6.4.2 Results for D = 5: η1 6= 0 and η0 = 0
In this section we compute the finite BH wig choosing η1 = 0 and η0 6= 0. As in the previous case, we
introduce
N = −iη†0η0 , Ki = −iη†0σˆiη0 , λ = εt0ε0 , (6.54)
where again N and Ki are real. Notice that in order to present the results we write the first terms in the
large-r expansion.
First order in µ
As a first check, we want to determine only the effects due to gauge field and not to bilinears in the gravitino
field. For this reason we consider the first order in the expansion around µ = 0 neglecting the contributions
coming from bilinears in the gravitinos, since they contribute to order O
(
µ2
)
.
The metric at first order is
δ[1]g = − µλ
2r2
(
Nt+ Kix
i
)
dt2 − µλ
2r3
[
N
(
t2 + ~x2
)
+ 2txi K
i
]
dtdr+
− µλ
4r2
(tKi + xiN) dtdxi +
µλ
4r5
Ki drdxi − µλ
4r2
(
Nt+ Kkx
k
)
δij dxidxj . (6.55)
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The metric at second order is
δ[2]g = − µ
48r4
λ2 N
[
2r2txi Ki
(
4 + r2
(
t2 + ~x2
))
+ N
(
1 + r2
(
t2 − 3~x2))] dt2+
− µ
12r6
λ2 N
[
Nt2 + r2txi Ki
(
t2 + ~x2
)]
dr2+
− µ
24r5
λ2 N
[
tN
(
2 + r2
(
t2 − ~x2))+ xi Ki (1 + 2r2 (3t2 + ~x2))] dtdr+
+
µ
96r4
λ2 N
[−2r2xi (3tN + 2xj Kj)+ Ki (1 + r2 (−3t2 + ~x2))] dtdxi+
− µ
48r5
λ2 N
[
xi
(
N + 8r2txj Kj
)
+ tKi
(−1 + 2r2 (t2 − ~x2))] drdxi+
+
µ
96r4
λ2 N
[
N
(−1 + r2 (t2 + 3~x2)) δij + 4r2txk Kk (−1 + r2 (t2 + ~x2)) δij+
−2 Nr2xixj + r2tx(i K j)
]
dxidxj . (6.56)
In this limit, the gauge field is zero at each order.
Large r expansion
Here we compute the large-r expansion of the metric corrections. At first order, the wig coincides to
eq. (6.55). The metric at second order is
δ[2]g = − µ
24
λ2 Ntxi Ki
(
t2 + ~x2
)
dt2+
− µ
12r4
λ2txi N Ki
(
t2 + ~x2
)
dr2+
− µ
24r3
λ2 N
[
tN
(
t2 − ~x2)+ 2xi Ki (3t2 + ~x2)] dtdr+
+
µ
96r2
λ2 N
[
−2xi
(
3 Nt+ 2xk Kk
)
+ Ki
(−3t2 + ~x2)] dtdxi+
− µ
24r3
λ2 N
[
4t2xix
kkk + Ki
(
t2 − ~x2)] drdxi+
+
µ
24
λ2 N
[
txk Kk
(
t2 + ~x2
)
δij +
1
2r2
(
tx(i K j) − 2 Nxixj
)]
dxidxj . (6.57)
The only non–zero components of the gauge field are the A[2]i
A
[2]
i =
√
3µ2
512
√
2r6
λ2εijkx
j N Kk
(
t2 + ~x2
)
. (6.58)
Complete
Here we present the complete wig depending on η1 bilinears. The first order is
δ[1]g = − µ
2r3
λh (r)
[
tN + xi Ki
]
dt2 − µ
2r2h (r)
λ
[(
t2 − ~x2) N + 2txi Ki] dtdr+
+
1
2
λr (r − h (r)) [tKi + xi N] dtdxi − 1
2rh (r)
(r − h (r)) Ki drdxi+
+
1
2
λr (r − h (r)) [tN + xi Ki] δij dxidxj . (6.59)
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The second order is
δ[2]g =
Nλ2
192r8
[
+2r9
(−2xi Kit (13 + 6r2 (t2 + ~x2))+
+ N
(−9r2t4 − ~x2 (17 + 9r2~x2)+ t2 (83 + 18r2~x2))) (−r + h (r)) +
+µr4
(
−N
(
5r4
(
t2 − ~x2)2 − r2 (−85t2 + 31~x2 + 14r (t2 − ~x2)2 h (r))+
+2
(
2 + r
(
t2 + ~x2
)
h (r)
))
+
+2xi Kirt
(−18r3 (t2 + ~x2)− 2h (r) + r (−1 + 20r (t2 + ~x2)h (r))))+
+µ2
(
N
(
−4− 15r2 (t2 − 3~x2)+ r4 (t2 − ~x2)2)+
+18xi Kir
2t
(−3 + 2r2 (t2 + ~x2)))] dt2+
− Nλ
2
384r7(h (r))2
[
+2r7
(
Nt
(−83− 53r2 (t2 − ~x2))+
+5xi Ki
(
5 + 3r2
(
3t2 + ~x2
)))
(−r + h (r)) +
+µ2
(
6 Nt
(−1 + 4r2 (t2 − ~x2))+ 2xi Ki (−7 + 20r2 (3t2 + ~x2)))+
+µr3
(
Nt
(
130r3
(
t2 − ~x2)− 61h (r) + r (160− 69r (t2 − ~x2)h (r)))+
+xi Ki
(
10r3
(
3t2 + ~x2
)
+ 47h (r)− r (64 + 9r (3t2 + ~x2)h (r))))] dtdr+
− Nλ
2
96r8 (h (r))4
[
+2r7
(
16xi Kir
2t− N (13 + 8r2 (t2 − ~x2)+
+ + 10r4
(
t2 − ~x2)2)) (−r + h (r)) +
+µ2
(
N
(
13 + 12r2
(
t2 − ~x2)+ 11r4 (t2 − ~x2)2)+
+4xi Kir
2t
(−4 + 3r2 (t2 + ~x2)))+
+µ
(
Nr3
(
31r5
(
t2 − ~x2)2 − 26h (r) + r (39− 4r (3t2 − 5~x2)h (r))+
−7r3 (t2 − ~x2) (−4 + 3r (t2 − ~x2)h (r)))+
−4xi Kir5t
(−3r3 (t2 + ~x2)− 8h (r) + r (12 + r (t2 + ~x2)h (r))))] dr2+
+
Nλ2
384r5
[
2r5
(
Ki
(
11 + r2
(
27t2 − 7~x2)+ 6r4 (t4 − ~x4))+
+2r2xi
(
−Nt+ xk Kk
(
17 + 6r2
(
3t2 + ~x2
))))
(r − h (r)) +
−µr (Kir (−22− r2 (27t2 + 17~x2)+ 3r4 (t4 − ~x4))+
+2r3xi
(
29 Nt+ xk Kk
(−5 + 3r2 (3t2 + ~x2)))+
+
(
Ki
(
9 + r2
(
6t2 + 22~x2
)− 9r4 (t4 − ~x4))+
−2r2xi
(
22 Nt+ xk Kk
(
8 + 9r2
(
3t2 + ~x2
))))
h (r)
)]
dtdxi+
− Nλ
2
384r6 (h (r))3
[
2r7
(
x2
(
66xk Kkr
2t+ N
(−27 + 37r2 (t2 − ~x2)))+
+ K2t
(
29 + 3r2
(
5t2 − 7~x2))) (r − h (r)) +
+2µ2
(
3x2
(
18xk Kkr
2t+ N
(−4 + 5r2 (t2 − ~x2)))+
+ K2t
(
14 + r2
(
13t2 − 15~x2)))+
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+µr3
(
2r
(
x2
(
120xk Kkr
2t+ 13 N
(−3 + 4r2 (t2 − ~x2)))+
+ K2t
(
43 + 4r2
(
7t2 − 9~x2)))+
+
(
x2
(
−142xk Kkr2t+ N
(
55− 67r2 (t2 − ~x2)))+
+ K2t
(−61 + r2 (−33t2 + 43~x2)))h (r))] drdxi+
+
Nλ2
192r3h (r)
[[
2r4
(
−58xk Kkr2t+
+ N
(
7− 32r2 (t2 − ~x2)+ 9r4 (t2 − ~x2)2)) (r − h (r)) +
+µ
(
−2xk Kkr3t
(
55 + 2r2
(
t2 + ~x2
))
+
+ Nr
(
14 + 17r4
(
t2 − ~x2)2 + r2 (−63t2 + 71~x2))+
−N (9 + r2 (−33 + 8r2 (t2 − ~x2)) (t2 − ~x2))h (r) +
+4xk Kkr
2t
(
11 + 3r2
(
t2 + ~x2
))
h (r)
)]
δij+
−2r5
(
8
(
2 N + 3xk Kkr
2t
)
x(ix j) + 3x(i K j)t
(−5 + 2r2 (t2 − ~x2))+
+3 K3tx2
(−5 + 2r2 (t2 − ~x2))) (r − h (r)) +
−µr
(
6r
((
7 N + 8xk Kkr
2t
)
x(ix j) + 2x(i K j)t
(−2 + r2 (t2 − ~x2))+
+2 K(i tx j)
(−2 + r2 (t2 − ~x2)))+
+
(
−2
(
11 N + 12xk Kkr
2t
)
x(ix j) + x(i K j)t
(
7− 6r2 (t2 − ~x2))+
+ K(i tx j)
(
7− 6r2 (t2 − ~x2)))h (r))] dxidxj . (6.60)
6.4.3 Results for D = 4: η1 = 0 and η0 6= 0
TheAdS4 model is very similar toAdS5 one. For our purpose, the only relevant difference is the Schwarzschild
BH metric
ds2 = f(r)2dt2 + f(r)−2dr2 + r2d~x2 , (6.61)
where f(r) =
√
r2 + µr . Due to the fact that 2– and 3–dimensions spinors have the same number of degrees
of freedom, our algorithm can be applied with no modifications. Notice also that the Killing spinors are
written in the same way of eq. (6.34), where xi denotes only x1 and x2.
Last remark, in 4d Γ5 is defined by dimensional reduction from 5d as
Γ5 = σ3 ⊗ σˆ3 , (6.62)
then, bilinears in η with σˆ3 are still present.
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Complete Wig
The first order is
δ[1]g = − 3µ
4rf (r)
λM drdt . (6.63)
The second order is
δ[2]g =
1
384r2
λ2 M2
[
3µ2 + µr2 (3r + 11f (r)) + 28r5 (r − f (r))] dt2+
− 1
769 (f (r))2
λ2 M2
[
25µ2 + +µr2 (81r − 53f (r)) + 28r5 (r − f (r))] δijdxidxj+
− 1
768
λ2 M Vi
[
µ (5r + 23f (r)) + 56r5 (r − f (r))] dtdxi+
+
1
128rf (r)3
λ2 N2
[
µ (21r − 11f (r)) + 20r3 (r − f (r))] dr2 . (6.64)
Notice that, as in the 5–dimensional case, the gauge field is zero at every order.
6.4.4 Results for D = 4: η1 6= 0 and η0 = 0
In this section we compute the finite wig choosing η1 = 0 and η0 6= 0. We introduce the following bilinears
N = −iη†0η0 , Ki = −iη†0σˆiη0 , λ = εt0ε0 , (6.65)
with these definitions, N and Ki are real quantities.
First order in µ
As in [6.4.2], we focus on effects due to gauge field and not to bilinears in the gravitino field, considering
only the first order in the expansion around µ = 0. The metric at first order is
δ[1]g = − λµ
4r2
(
Nt+ Kix
i
)
dt2 − λµ
8r4
[
6r2t
(
Kix
i
)
+ N
(−1 + 3r2 (t2 + ~x2))] dtdr +
− λµ
4r
( Kit+ Nxi) dtdxi +
λµ
4r4
Kidrdxi − λµ
4r
(
Nt+ Kkx
k
)
δijdxidxj .
(6.66)
The metric at second order is
δ[2]g =− µ
192r3
λ2 N
[
2r2t
(
Kix
i
) [
7 + 3r2
(
t2 + ~x2
)]
+ N
[
1 + r2
(
t2 − 5~x2)]] dt2+
− 3µt
32r5
λ2 N t
[
Nt+
(
Kkx
k
) [−1 + r2 (t2 + ~x2)]] dr2+
− µ
192r4
λ2 N
[
Nt
[
5 + 3r2
(
t2 − xixi
)]
+ 2
(
Kix
i
) [
1 + 3r2
(
3t2 + ~x2
)]]
dtdr+
− µ
96r
λ2 N
[
xi
(
3 Nt+ 2 Kkx
k
)
+ 2 Kit
2
]
dtdxi+
− µ
96r4
λ2 N
[
( Nxi − tKi) + r2t
[
3 Ki
(
t2 − ~x2)+ 12xixj Kj]] drdxi+
− µ
192r3
λ2 N
[(−1 + r2 (t2 + 5~x2)) δij + 6r2txk Kk [−1 + r2 (t2 + ~x2)] δij+
−4r2 Nxixj + 2r2tx(i K j)
]
dxidxj . (6.67)
For both orders, the gauge field is zero.
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Large-r expansion
Here we compute the large-r expansion of the metric corrections.
The first order metric is
δ[1]g =− λµ
4r
(
Nt+ Kix
i
)
dt2 − 3λµ
8r2
[
2t
(
Kix
i
)
+ N
(
t2 + ~x2
)]
dtdr+
− λµ
4r
( Kit+ Nxi) dxidt− λµ
4r4
Kidxidr+
− λµ
4r
(
Nt+ Kix
i
)
δijdxidxj . (6.68)
The second order is
δ[2]g =− µ
32
λ2 Nrt
(
Kix
i
) (
t2 + ~x2
)
dt2 − µ
32r3
λ2 Nt
(
Kix
i
) (
t2 + ~x2
)
dr2+
− µ
64r2
λ2 N
[
Nt
(
t− ~x2)+ 2 (Kixi) (3t2 + ~x2)] dtdr+
− µ
96r
λ2 N
[
2 Kit
2 + xi
(
Kkx
k + 3 Nt
)]
dtdxi+
− µ
32r2
λ2 Nt
[
4xi
(
Kkx
k
)
− Ki
(
t2 + ~x2
)]
drdxi+
+
µ
32
λ2 N
[
3rt
(
Kkx
k
) (
t2 + ~x2
)
δij +
2
r
(
tK(ix j) − 2 Nxixj
)]
dxidxj . (6.69)
The non–zero components of the gauge field are the A[2]i
A
[2]
i =
µ2
256
√
6r4
λ2εijx
j N K3
(−t2 + ~x2) , (6.70)
where εij is the 2d antisymmetric tensor, with ε12 = 1.
6.4.5 Stress–Energy Tensor for AdS5
Using the prescription given in the previous section we present the result obtained in AdS5. The first-order
corrections are the same both at 4 and 5 dimensions, while at second-order one they are different. We
decompose the contribution to the stress-energy tensor in the perturbative form as
Tµν = −µ
2
(4uµuν + ηµν) + λµT [1]µν + λ2µT [2]µν , (6.71)
where uµ = (1, 0, 0, 0) is the fluid velocity in the rest frame of the fluid as usual, Bµ = (−N, Ki) is the
bilinear 4−vector. As usual, we define the projectors
P qµν = ηµν + uµuν , P
⊥
µν = −uµuν . (6.72)
The first order of Tµν is
T [1]µν = −
d
8
[
(B · x)(ηµν + d uµuν) + 4P q(µ|ρP⊥ν)σB[ρxσ]
]
, (6.73)
where d refers toAdSd+1. Notice that the second term in eq. (6.73) resembles a vorticity term. Actually, the
relativistic vorticity term is defined as
∆µν = P
q
µλP
q
ντ∇[λu τ ] . (6.74)
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In our case the second spatial projector is actually an orthogonal projector, that in fact, mixes space and
time components as a result of the supersymmetry. B may be seen as a “super-correction” to fluid velocity.
However, a deeper analysis is due.
The second order reads
T [2]µν = −
1
4
P⊥µν
{
(xB)⊥ (xB)q +
1
12
x2 (BB)⊥ + 2 (B · x)
[
(xB)⊥ +
11
12
(xB)q
]}
+
+
1
4
P qµν
{
15 (xB)⊥ (xB)q + 2x2 (BB)⊥ − 1
6
(B · x) (xB)q + 7
12
x2 (BB)q
}
+
1
2
(
d
4
)2
(B · x)2 (ηµν + 4uµuν) + 1
24
(BB)q xµxν − 1
12
(xB)qB(µxν)+
+ P q(µ|ρP
⊥
ν)σ
{
x[ρBσ]
[
B · x− 1
3
(xB)⊥
]
+
1
36
xρxσ (BB)⊥ − 1
24
BρBσx2
}
(6.75)
with d = 4 and
(VW )⊥ = P⊥µνV
µW ν , (VW )q = P qµνV
µW ν , (6.76)
and we have used Fierz identities to substitute
(B · x)2 =
[
2 (xB)⊥ (xB)q +
1
3
x2 (BB)⊥
]
. (6.77)
We can analyse the coefficient associated to the tensor (4uµuν + ηµν). For the perfect fluid, this coefficient
is related to temperature T
Tµν ∝ T d (4uµuν + ηµν) . (6.78)
We have
−µ
2
[
1 +
d
4
λ (B · x) + 1
2
(
d
4
)2
λ2 (B · x)2
]
∝ T d exp
[
d
4
λ (B · x)
]
, (6.79)
where we reconstructed the series in the bilinears B. Doing this, the temperature of the fluid is modified as
follows
T −→ T exp
[
1
4
λ (B · x)
]
. (6.80)
6.4.6 Stress–Energy Tensor for AdS4
The computation for the AdS4 case is similar to the previous one. We consider the perturbative expansion
Tµν = −µ
2
(3uµuν + ηµν) + λµT [1]µν + λ2µT [2]µν , (6.81)
where we have defined T [1] as before and
T [2]µν = −
1
8
P⊥µν
{
37
8
(xB)⊥ (xB)q + x2 (BB)⊥ +
1
16
(B · x)
[
9 (xB)⊥ + 5 (xB)q
]}
+
+
1
2
P qµν
{
7
4
(xB)⊥ (xB)q +
7
64
x2 (BB)⊥ + (B · x)2
}
+
1
2
(
d
4
)2
(B · x)2 (ηµν + 3uµuν) + 1
64
(BB)⊥ xµxν − 1
16
(xB)qB(µxν)+
+ P q(µ|ρP
⊥
ν)σ
{
x[ρBσ]
[
5
8
B · x− 1
4
(xB)⊥
]
+
3
64
xρxσ (BB)⊥ − 1
32
BρBσx2
}
, (6.82)
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with d = 3.
Chapter 7
Supersymmetric Fluid Dynamics from
Lagrangian
In the previous sections we dealt with two method to derive the fluid equations of motion at first postulating
a suitable energy momentum tensor and then by fluid/gravity correspondence. In addition to them, if we
are interested in non–dissipative fluids only, it is possible to introduce a Lagrangian and derive from it the
equations of motion, which in particular will result in the Euler equations. In the following we will address to
Euler equations as Navier–Stokes equations, since the former are a particular case of the latter, as we explain
in sec. 4.1.
Since the Lagrangian method is not suited to study viscous effects, it is not useful for ordinary fluid
dynamics. However, it can be used to derive the “perfect” supersymmetric fluid dynamics. This could offer a
different point of view to describe the interaction between fermionic bilinears and hydrodynamics quantities.
The construction of supersymmetric Lagrangian leading to Navier-Stokes equations has been discussed
in the literature. We have to recall works [108, 109] where a possible supersymmetric action has been
proposed. There, the bosonic degrees of freedom are parametrized by a conserved current jµ, the dynamics
is encoded into a function f(j2) and the corresponding equations of motion are obtained with the help of an
auxiliary field aµ coupled to the current. In such supersymmetric generalization, both the current jµ and the
auxiliary field aµ are embedded into two distinct real superfields, V and A, whose lowest components are
two scalar fields. The function f(j2) is replaced by a function F (V ) of the real superfield V . Expanding
the action, we find that it cannot describe a generic fluid whose dynamics is described by the function f(j2),
namely it does not reduce to any generic bosonic models, but only to specific ones. On the other side, works
[110, 111, 112, 113, 114] lead to generic supersymmetric models in lower dimensions and we have not been
able to adapt them to our scopes. That non-covariant approach in lower dimensions seems to be suitable to
study the AdS/Condensed Matter correspondence.
In contrast to [108, 109], we observed that the conserved current can be better viewed as the middle
component of a real linear superfield J . The linearity of that superfield implies the conservation of the
current and it does not contain auxiliary fields [115, 116, 117, 118]. To overcome the problem of describing
a generic model reducing to any bosonic Navier-Strokes system, we constructed a derived superfield Jµ
which is a linear, real vector superfield and a linear function of J .
As mentioned above, the equations of motion of the fluid, namely the Navier-Stokes equations, are derived
with the help of an auxiliary field aµ. However, in [108, 109], aµ has been replaced with a Ka¨hler potential
implementing the so-called Clebsch paremetrization (see also [114, 119, 120] for a complete discussion on
the Clebsch parametrization) in a very convenient way for supersymmetric generalizations. We show in detail
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that the two choices, namely the conventional Clebsch parametrization and the use of the Ka¨hler potential,
are indeed equivalent locally. The origin of that potential has to be traced out into supergravity models as
advocated in [121], and for a forthcoming analysis in a generic supergravity background, we adopt it in the
present work. It is worth mentioning also the discussion in [122]. Finally, in terms of J , of the derived
superfield Jµ we are able to provide a general action whose bosonic truncation lead to any generic bosonic
fluid.
One important issue is the dependence of the Ka¨hler potential. We provide an argument showing that
the choice of the Ka¨hler potential does not affect the physics, but we are convinced that the implementation
of local supersymmetry invariance coupling it to supergravity, might clarify this issue.
We provide the complete Lagrangian by expanding the superfields in components and integrating over the
θ’s. Due to this expansion, the number of possible terms increases and the Lagrangian is really cumbersome.
In order to grasp the meaning of it, we derive the superfield equations of motion and we compute their
bosonic sector. The energy-momentum tensor for the Lagrangian restricted to the physical fieldC (the lowest
component of the superfield J) is computed and some considerations are proposed.
7.1 Bosonic Lagrangian
7.1.1 Action and Equations of Motion
We first discuss the bosonic Lagrangian and we derive the equations of motion. The model is characterized
by a divergenceless current jµ and an auxiliary field aµ coupled to a worldvolume metric gµν . The gauge
invariance under aµ → aµ + ∂µλ is guaranteed by the conservation of jµ. The model is considered in 4d.
There are two ways to get the equations of motion: the first one is by computing the energy-momentum
tensor Tµν and requiring the vanishing of its divergence. The second method is requiring the invariance of
the action under certain isometries.
Let the action be
L = √−g (jµaµ + f(j2)) , j2 = jµjνgµν . (7.1)
Note that the equation of motion obtained by taking the functional derivative w.r.t. an unconstrained aµ
yields jµ = 0. The function f is completely generic. Therefore, the correct equations of motion are obtained
as follow: varying w.r.t. jµ and gµν leads to
aµ = −2f ′(j2)jµ , Tµν = f ′(j2)
(
jµjν − gµνj2)+ 1
2
f(j2)gµν , (7.2)
and the vanishing of the divergence of energy-momentum tensor implies
∂µTµν = 0 −→ jµ[f ′′(j2)
(
jµ∂νj
2 − jν∂µj2
)
+ f ′(j2) (∂νjµ − ∂µjν)] = 0 . (7.3)
These are the usual NS equations which, together with the conservation of the current jµ, yield the complete
information on the fluid dynamics.
Since we are primarily interested into AdS/CFT correspondence, we recall that the fluid on the dual
side must be a conformal one. That forces f
(
j2
)
to be equal to C
(
j2
)2/3, where C is a constant. This
can be obtained by imposing the tracelessness of Tµν or by studying the dilatation properties of the action,
assuming that jµ has dimension 3 in 4d.
Notice that equation eq. (7.3) can also be obtained in the following way: consider the field-strength
associated to the abelian vector aµ, Fµν = (∂µaν − ∂νaµ); using the first of (7.2) intoF and upon contraction
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with jµ we get
jµFµν = ∂
µTµν = 0 . (7.4)
It should be noticed that, in both ways, the auxiliary field aµ drops off the equations.
Equation (7.4) calls for an explanation. First of all, we observe that, being jµ a divergenceless current,
action (7.1) is invariant under the gauge symmetry δaµ = ∂µλ. Lert us perform an isometry transformation
leaving the current jµ invariant. In the form language, given A = aµdxµ, J = jµ∂µ and X = Xµ∂µ, we
have
LX (A) = ιXdA+ d(ιXA) , LX (J ) =
[
X ,J
]
= 0 , (7.5)
LX (g) = (∇µXν +∇νXµ)dxm ⊗ dxν ,
and in components
δaµ = −FµνXν + ∂µ(aνXν) , δjµ = 0 , (7.6)
δgµν = gµρ∂νX
ρ + gνρ∂νX
ρ +Xρ∂ρgµν = 0 ,
where Xµ are the components of the Killing vector generating the isometry commuting with the current J .
Requiring the invariance of the action under such an isometry, one gets eqs. (7.4).
The condition δjµ = 0 (if gµν = ηµν) can be reformulated as follows: given the vector fieldX = Xµ∂µ,
the infinitesimal variation of jµ can be expressed as
δjµ = Xν∂νj
µ − jν∂νXµ , (7.7)
where the first term is a traslation parametrized by the coefficientsXν and second term is a rotation with the
parameter Λµν = 12(∂µXν − ∂νXµ) due to Killing equation in (7.6). Condition (7.7) can be rewritten as
follows
∆Xj
µ ≡ Xν∂νjµ = Λµρ jρ , (7.8)
which implies that the translation of the current jµ is compensated by a rotation. In the same way, the
variation of aµ can be cast in the form
δaµ = ∆Xaµ +R
ν
µ aν ≡ Xν∂νaµ + Λ ρµ aρ . (7.9)
Then, computing the variation of the action under a translation, we have
∆XS =
∫ (
∆Xj
µaµ + j
µ∆Xaµ + ∆Xf(j
2)
)
=
∫ (
Λ νµ j
µaν + j
µXν∂νaµ
)
=
∫ (
jµδaµ
)
=
∫ (
jµ (−FµνXν + ∂µ(aρXρ))
)
. (7.10)
In the first line we have used eq. (7.8) and the Lorentz invariance of f(j2). From the second line to the third
line, we have used the definition of the variation of the gauge potential aµ under isometry (7.6) combined
with a gauge variation. Thus, the second term vanishes because jµ is divergenceless and from the first term,
comparing with the definition of the energy-momentum tensor obtained by the No¨ther theorem ∆XS =∫
Xµ∂ν Tµν , it yields
jµFµν = ∂
µTµν = 0 . (7.11)
As a consistency condition, we must have jν∂µTµν = 0, which can be easily verified using its explicit form
(7.3).
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7.1.2 Clebsch Parametrization of aµ
One may wonder why we adopt the above derivation of NS equations instead of computing directly the
equations of motion by functional derivatives. Actually, it is possible to obtain them by means of variational
principles, considering the auxiliary field aµ as parametrized by a set of potentials. Moreover, since aµ is an
auxiliary field we have to avoid any non-trivial solution for it, then we impose the constraint
F ∧ F = 0 , (7.12)
where F = dA (A ≡ aµdxµ) which, in components, becomes µνρσFµνFρσ = 0. This constraint is
equivalent to A ∧ F = dΩ where Ω is a generic 2-form. It can be easily shown [119] that the most general
solution in 4d to (7.12) is
A = dλ+ αdβ , (7.13)
whereλ, α andβ are zero forms. This implies thatF = dα∧dβ and the constraint (7.12) follows immediately.
This means that out of the four components of aµ only 3 of them survive the constraint and inserting them
in the Lagrangian (7.1) we get
L =
(
jµ(∂µλ+ α∂µβ) + f(j
2)
)
. (7.14)
The equations of motion are
∂µj
µ = 0 ,
jµ∂µβ = 0 ,
jµ∂µα = 0 ,
∂µλ+ α∂µβ + 2jµf
′(j2) = 0 . (7.15)
With simple algebraic manipulations, one derives NS equations (7.4).
There is another way to parameterize the solution of (7.12). Introducing one complex field φ and a real
function K(φ, φ¯), consequently aµ becomes
aµ = ∂µλ+ i(∂K∂µφ− ∂¯K∂µφ¯) . (7.16)
If K is identified with a Ka¨hler potential for the complex manifold spanned by φ, the second term in aµ is
the Ka¨hler connection. Computing the field strength F we get
F = −2i ∂∂¯Kdφ ∧ dφ¯ . (7.17)
Namely, the manifold is a Hodge manifold where the U(1) connection is related to the canonical 2-form of
the complex manifold. By the Bianchi identity, it follows that the canonical 2-form 2i ∂∂¯Kdφ∧ dφ¯, must be
closed and therefore the space is Ka¨hler. Notice that for a one dimensional complex manifold, no constraint
on K is due to its closure.
The two parametrizations (7.13) and (7.16) are equivalent. This can be verified by assuming that α and
β are real functions of φ and φ¯. It yields
α∂β = i∂K , α∂¯β = −i∂¯K . (7.18)
By dividing both equations by α and by computing the derivative we get
2∂∂¯K = (∂K∂¯ + ∂¯K∂) lnα . (7.19)
This equation can be brought to quadrature. For example, assuming thatα andK are functions of the modulus
|φ|2, one can easily bring the above equation to an integral form. If K(φ, φ¯) = |φ|2, then we get α = |φ|2
and β = i ln(φ/φ¯). On the other hand, if K(φ, φ¯) = ln(1 + |φ|2), then we get α = |φ|2/(1 + |φ|2) and
β = i ln(φ/φ¯). See also [114] for a discussion on this point.
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7.2 Supersymmetric Lagrangian
7.2.1 Superfields, Action and Superfield Expansion
We are now ready for the supersymmetrized version of the Lagrangian. We first construct the action repro-
ducing the usual bosonic action (7.1) in the limit in which the fermions and the additional bosonic field are
set to zero. A conserved current is a component of a linear multiplet in 4d and therefore we introduce a super-
field J for it. The auxiliary field aµ is a component of the vector multiplet and we introduce a real superfield
A. Again we face with the problem of deriving the equations of motion since the superfield A is constrained
and, for that, we adopt a Clebsch parameterization. In the present case, it becomes natural to identify the
abelian real superfield A with a Ka¨hler potential [108] which is a real function of a chiral superfield φ.
J and A are defined as follows1
D¯DJ = 0 , A¯ = A , (7.20)
where D = − ∂
∂θ¯
− (γµθ)∂µ and D¯ = ∂∂θ + (γµθ¯)∂µ are the superderivatives. Using a linear superfield J ,
we automatically implement the conservation of the current jµ which is its θ2 component. The component
expansion is given by
J = C − iθ¯γ5ω + i
2
θ¯γ5γµθj
µ +
i
2
θ¯γ5θθ¯γ
µ∂µω +
1
8
(θ¯γ5θ)
2C, (7.21)
and for the real superfield in the Wess-Zumino gauge
A =
i
2
θ¯γ5γ
µθaµ − iθ¯γ5θθ¯λ− 1
4
(θ¯γ5θ)
2D. (7.22)
The linear superfield contains one constrained vector jµ, one scalar field C and one Majorana spinor ω. The
vector can be dualized as jµ = µνρσHνρσ where Hµνρ is the field strength of a 2-form potential Bµν . The
latter can be further dualized into a scalar and therefore the linear multiplet has the same d.o.f. of an on-shell
Wess-Zumino multiplet.
Supersymmetry transformations are given by δΦ = α¯QΦ or, in component
δjµ = −α¯γµν∂νω , δaµ = α¯γµλ ,
δω = (−iγ5γµ∂µC + γµjµ)α , δλ = − (iDγ5 + Fµνγµν)α ,
δC = i α¯γ5ω , δD = i α¯γ5γ
µ∂µλ .
Using the properties listed in the Appendix A it is possible to show that∫
d4x
∫
d4θ[−JA] =
∫
d4x[jµaµ + ω¯λ− CD] , (7.23)
which is the supersymmetric generalization of (7.1). In order to reproduce also the second term in (7.1), we
need to introduce a new superfield defined as
Jµ = 1
4 i
(D¯γ5γµD)J , (7.24)
1In the following we use Weinberg notation [118]. Nevertheless, we recall that in the language of [117] a linear superfield is
defined as D2J = 0 and D¯2J¯ = 0. If J is a real linear superfield, J¯ = J then the second condition follows from the first one.
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which contains jµ as the first component and its expansion is
Jµ = 1
4 i
(D¯γ5γµD)J = jµ + θ¯γµν∂
νω − i
2
θ¯γ5γ
νθ (∂µ∂νC − gµνC) +
− 1
2
θ¯γ5θθ¯γ5γ
ν(gµνω − ∂µ∂νω) + 1
8
(θ¯γ5θ)
2jµ . (7.25)
It should be noted that all the terms in the above expansion are divergenceless. This can also be proven
directly by the D-algebra and because of the linearity of the superfield J . Moreover, the new superfield Jµ
is itself a linear superfield. This can be seen by observing that each component of the superfield Jµ is in the
same relation with higher terms of the expansion as the components of the superfield J , or it can be checked
by direct use of superderivatives.
Therefore the complete supersymmetric action is given by
S =
∫
d4x
∫
d4θ
(
− JA+ F (JµJ µ) J2
)
. (7.26)
The minus sign in front of the first term is choosen to reproduce the normalization of the bosonic Lagrangian.
The coefficients are chosen in order that eq. (7.26) coincides with the normalization of the bosonic La-
grangian where f(j2) = F (j2)j2. The argument of F , namely JµJ µ, is a dimensionful superfield and
therefore it would be convenient to rescale it by a dimensionful parameter. In the following, we will discard
that parameter and we set it to 1.
As discussed above, we would like to deal with superconformal fluid. For that, we require the theory to
be conformal and supersymmetric, thus superconformal invariance follows. In particular, we first impose the
dilatation properties of F and it turns out that F (x) = Cx−1/3. That guarantees the conformal invariance
of the action. The superconformal transformation rules for J are deduced by its geometrical properties.
To compute the component action, we need the expansion of JµJ µ and, using (7.25) we get
JµJ µ = j2 + 2 θ¯jµγµν∂νω + θ¯θ
(
−1
2
∂µω¯γ
µν∂νω − 3
4
∂µω¯∂
µω
)
+
+ (θ¯γ5θ)
(
−1
2
∂µω¯γ5γ
µν∂νω − 3
4
∂µω¯γ5∂
µω
)
+
+ θ¯γ5γ
µθ
(
ijµC − ij · ∂∂µC + ∂µω¯γ5 6∂ω − 1
4
∂ν ω¯γ5γµ∂νω
)
+
+ (θ¯γ5θ)θ¯γ5 (j · ∂ 6∂ω − j · γω) + θ¯γ5θθ¯ (2i 6∂ωC + iγµ∂νω∂µ∂νC)
+
1
4
(θ¯γ5θ)
2 (jµjµ + ∂µ∂νC∂µ∂νC + 2CC+
+ ∂µω¯∂
µω + ∂µω¯γµν∂
νω − 2ω¯ 6∂ω) , (7.27)
similarly, for J2, we have
J2 = C2 − 2 i Cθ¯γ5ω +
+
1
4
(θ¯θ)ω¯ω +
1
4
(θ¯γ5θ)ω¯γ5ω + θ¯γ5γµθ(i Cj
µ +
1
4
ω¯γ5γ
µω) +
+ i θ¯γ5θθ¯6∂ωC + θ¯γ5γµθθ¯γ5ωjµ
+
1
4
(θ¯γ5θ)
2(CC + j2 − ω¯6∂ω) . (7.28)
Notice that the choice f(j2) = F (j2)j2 does not spoil the generality of (7.26) since it coincides with
bosonic Lagrangian if f(j2) is defined up to an unessential constant. Action (7.26) is chosen such that,
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by setting C and ω to zero, it exactly reproduces the bosonic Lagrangian (7.1) and the corresponding NS
equations. The presence of two different superfields, namely J and Jµ in the Lagrangian is needed because
of dimensional reasons or, equivalently, because J’s lowest component is not jµ.
In components the supersymmetric Lagrangian turns out to be∫
d4x
[
jµaµ + ω¯λ− CD +
∫
d4θJ2
4∑
i=0
1
i!
F (i)(j2)(JµJ µ − j2)i
]
, (7.29)
where we expanded the function F around the first bosonic component of JµJ µ. The first term in the expan-
sion reproduces the bosonic Lagrangian, while the other terms are classified according to their dimensions.
Notice that the computation of the component action is made unhandy by the fact that there is a product of
two or more superfields (JµJ µ − j2)iJ2. After the θ-expansion is taken, one needs to compute all Fierz
identities to simplify the expressions and, finally, the integration over the θ variables can be taken.
The first two terms in the expansion of FJ2 are∫
d4θ
∫
d4x
[
F (0)(j2)J2 + F (1)(j2)(JµJ µ − j2)J2
]
=
=
∫
d4x
{[
F (0)(j2)(CC + jµjµ − ω¯γµ∂µω)
]
+
+
[
F (1)(j2)
(
− C2[jµjµ + (∂µ∂νC∂µ∂νC + 2CC)] + 4Cjµjν (∂µ∂ν − ηµν)C+
− C2∂µω¯∂µ 6∂ω + 2C2ω¯ 6∂ω − 2iCjµ∂µω¯γ5 6∂ω − iCjµ∂ν ω¯γ5γµ∂νω + 4CCω¯ 6∂ω+
+ 2C∂µ∂νCω¯γ
µ∂νω + 2Cjµ∂ν ω¯γρ∂σωε
µνρσ − 2iCjµω¯γ5∂µ 6∂ω + 2iCjµω¯γ5γµω + 2j2ω¯ 6∂ω+
− 2jµjν ω¯γµ∂νω − ijµ (∂µ∂ν − ηµν)Cω¯γ5γνω − 3
4
ω¯ω∂µω¯∂
µω − 1
2
ω¯ω∂µω¯γ
µν∂νω+
+
3
4
ω¯γ5ω∂µω¯γ5∂
µω +
1
2
ω¯γ5ω∂µω¯γ5γ
µν∂νω − ω¯γ5γµω∂µω¯γ5 6∂ω + 1
4
ω¯γ5γµω∂ν ω¯γ5γ
µ∂νω
)]}
.
(7.30)
As can be seen from this expression, they contain the interaction between the current jµ and the fields C and
ω. The part proportional to F (1) contains terms with four fields ω and therefore their self-interactions. In
the forthcoming section, we will discuss the implications of those terms. Even though the action might seem
bulky, it is a good starting point for the perturbation theory since the expansion is done in terms of higher
derivative terms.
Since the resulting action is rather cumbersome, we find convenient also to provide its bosonic truncation∫
d4x
[
jµaµ − CD + F (0)(j2)(CC + jµjµ)
]
+
+
∫
d4x
[
F (1)(j2)
(
− C2jµjµ − C2 (∂µ∂ν − gµν)C (∂µ∂ν − gµν)C+
+ 4Cjµjν (∂µ∂ν − gµν)C
)]
+
+
∫
d4x
[
F (2)(j2)
(
− 4C2jµjν (∂µ∂ρ − gµρ)C (∂ν∂ρ − δρν)C
)]
. (7.31)
The bosonic action truncates at the second order in F , since all other terms are purely fermionic. This is due
to the fact that in the expansion of the third power and of the fourth power, only those terms with a single
θ contribute to the expansion since we have decided to expand around jµ. This simplifies the derivation of
the energy-momentum tensor for the bosonic sector as we are going to discuss in the forthcoming section.
In appendix B, all other terms are given.
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7.2.2 Clebsch Parametrization for the Supersymmetric Case
We discuss here the Clebsch parameterization for the supersymmetric case. Here, the gauge field aµ is
replaced by the real superfield A and therefore we have to parametrize it using a Clebsch parametrization as
above. As suggested in [122] and in [123] we identify
A = χ+ χ¯+K(φ, φ¯) , (7.32)
where χ, φ and χ¯, φ¯ are chiral and anti-chiral fields, respectively. K(φ, φ¯) is a Ka¨hler potential represented
by a real function of the superfields φ and φ¯. The condition for the complex manifold spanned by φ and φ¯ to
be Ka¨hler is dK = 0, where K is the canonical 2-form. Since the complex manifold is one dimensional, no
interesting condition emerges from this constraint.
The identification in (7.32) implies that the Fayet-Ilioupoulos term induced by the abelian gauge field A
is given by
SF−I =
∫
d4xd4θA =
∫
d4xd4θK(φ, φ¯) , (7.33)
and it generates the dynamical equations of motion for the chiral fields (see for example [122]). In our case,
however, this term is replaced by
S =
∫
d4xd4θ(−JA+ . . . ) =
∫
d4xd4θ(−J(K(φ, φ¯) + χ+ χ¯) + . . . ) . (7.34)
So that a naive kinetic term for φ and φ¯ is absent, being replaced by the superfield expansion of JK. The
chiral field χ and the antichiral field χ¯ implement the linearity condition on J .
Let us now consider the first term of action (7.34) which, after Berezin integration reads
S =
∫
d4x
1
2
K(ϕ, ϕ¯)C+
− ∂K
(
ijµ∂µϕ+
1
2
Cϕ− i
√
2
2
ψ¯L 6∂λ+ i
√
2
2
λ¯ 6∂ψL
)
+ c.c.+
− 1
2
∂2K
(
C∂µϕ∂
µϕ−
√
2i∂µϕψ¯Lγ
µλ
)
+ c.c.+
− ∂∂¯K
(
2|P |2C − C∂µϕ∂µϕ¯+
√
2iP ψ¯Rλ−
√
2iP¯ ψ¯Lλ+
−Cψ¯L 6∂ψR − Cψ¯R 6∂ψL + ijµψ¯LγµψR +
√
2
2
i∂µϕ¯ψ¯Lγ
µλ−
√
2
2
i∂µϕψ¯Rγ
µλ
)
− 1
3
∂2∂¯K
(
−2CP¯ ψ¯LψL + 2C∂µϕψ¯LγµψR −
√
2iψ¯LψLψ¯Rλ
)
+ c.c.+
− 1
2
∂2∂¯2KCψ¯RψRψ¯LψL , (7.35)
where the chiral and antichiral superfields φ (respectively φ¯) are defined by conditions
1− γ5
2
Dφ = 0 ,
1 + γ5
2
Dφ¯ = 0 , (7.36)
and their components include a left-chiral spinor field ψL =
(
1+γ5
2
)
ψ (respectively right-chiral ψR) and
two scalar complex fields ϕ and P (respectively ϕ¯ and P¯ ). The expression Qµ ≡ i
(
∂K∂µϕ− ∂¯K∂µϕ¯
)−
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i∂∂¯Kψ¯LγµψR is known as the Ka¨hler connection. Action (7.26) contains a piece which depends upon
the superfield A. Inserting the above expressions into (7.29), we get an action which depends upon the
components ϕ,ψL and F of the superfield φ (and their conjugated). Differentiation w.r.t. those fields, leads
to the equations of motion. Truncating the action to its bosonic part, the first term in (7.26) reads
S =
∫
d4x
[
1
2
KC − ijµ (∂K∂µϕ− ∂¯K∂µϕ¯)− 1
2
C
(
∂Kϕ+ ∂¯Kϕ¯
)
+
− 1
2
C
(
∂2K∂µϕ∂
µϕ+ ∂¯2K∂µϕ¯∂
µϕ¯
)− C∂∂¯K (2|P |2 − ∂µϕ∂µϕ¯)] , (7.37)
where the Ka¨hler potential K is evaluated on ϕ and its conjugated. Notice that, if we integrate by parts
KC, the above expression considerably simplifies and becomes
S =
∫
d4x
[
ijµ
(
∂¯K∂µϕ− ∂K∂µϕ¯
)− 2C∂∂¯K (|P |2 − ∂µϕ∂µϕ¯)] . (7.38)
The Lagrangian is diagonal in the auxiliary fields P , P¯ and their equations of motion (at the lowest level)
imply eitherC = 0 (fluid dynamics approximation) or P = P¯ = 0 (which is the supersymmetric dynamics).
To compute the equations of motion we recall the expansion of F , given in (7.31). Varying w.r.t. ϕ we
get
2∂∂¯K∂µϕ¯ (ij
µ − ∂µC)− 2C∂∂¯Kϕ¯− 2C∂∂¯K∂µϕ¯∂µϕ¯ = 0 . (7.39)
Analogously, we can get the equation of motion for ϕ¯. The one for jµ reads
i
(
∂¯K∂µϕ¯− ∂K∂µϕ
)
+ 2F (1)jµ
(
CC + j2
)
+ 2Fjµ+
− 2F (2)C2jµjνjν −
(
F (1)C2jµ
)
+
− F (1)C2jµ + 8F (1)jν (∂µ∂ν − gµν)C − 8F (3)C2jµ+
− 4F (2)C2jν (∂µ∂ρ − gµρ)C (∂ν∂ρ − δρν)C = 0 ,
(7.40)
finally, the one for C is
2∂∂¯K∂µϕ∂
µϕ¯+ FC +FC − 2F (1)Cjµjµ+
+ 2F (1)∂µ∂νC∂
µ∂νC + 2∂µ∂ν
(
F (1)C2∂µ∂νC
)
+
+ 4F (1)C (C)2 + 4
(
F (1)C2C
)
+ 4F (1)jµjν (∂µ∂ν − gµν)C+
+ 4 (∂µ∂ν − gµν)
(
F (1)jµjνC
)
+
− 4F (2)Cjµjν (∂µ∂ρ − gµρ)C (∂ν∂ρ − δρν)C+
− 4 (∂µ∂ρ − gµρ)
(
F (2)C2jµjν (∂ν∂
ρ − δρν)C
)
= 0 .
(7.41)
7.2.3 Superfield Equations
Action (7.26) is written in terms of a linear superfield J and a real superfield A. For those superfields, the
usual functional derivative cannot be used and therefore we cannot obtain the equations of motion by usual
means (see [117] for a complete discussion). To overcome such a problem, we add two auxiliary generic
superfields Z, Sµ, one chiral superfield χ and one antichiral superfield χ¯.
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The following action
S =
∫
d4xd4θ
(
−J(A+ χ+ χ¯)
)
+ F
[( 1
4i
(D¯γ5γµD)J
)2]
J2
)
=
∫
d4xd4θ
(
−J(A+ χ+ χ¯)
)
+ F [J 2]J2 + Sµ
[ 1
4i
(D¯γ5γµD)J − Jµ
])
, (7.42)
turns out to be equivalent to (7.26). The chiral and antichiral superfields χ, χ¯ impose the linearity condition
on the superfield J .
As already discussed above, in order to get the correct equations of motion, we replace the superfield A
with the Ka¨hler potential. Then, we have
SK =
∫
d4xd4θ
(
−J(K(φ, φ¯) + χ+ χ¯) + F [J 2]J2 + Sµ
[ 1
4i
(D¯γ5γµD)J − Jµ
])
, (7.43)
from which we can get the equations of motion by taking the functional (unconstrained) derivatives with
respect to superfields J, φ, φ¯, Sµ, χ, χ¯ to get
D¯DJ = 0 ,
Jµ − 1
4i
(D¯γ5γµD)J = 0 ,
Sµ + 2J µF ′[J 2]J2 = 0 ,
D¯D(J
∂K
∂φ
) = 0 ,
D¯D(J
∂K
∂φ¯
) = 0 ,
K(φ, φ¯) + χ+ χ¯− 2J F [J 2]− 1
4i
(D¯γ5γµD)S
µ = 0 . (7.44)
To study the above equations, we proceed as follows. The first eq. in (7.44) implies the linearity of J
(and therefore its θ expansion is given by (7.21)). Then, we plug J into the second equation f to compute the
vector superfield Jµ. Subsequently, we plug Jµ into the third equation to evaluate Sµ and finally, using all
those results, we can express K in terms of the superfields φ and φ¯. Given that, eqs. (7.44) become the new
NS equations, written in terms of the linear superfield J which contains the physical degrees of freedom of
the super-fluid.
7.2.4 Bosonic Sector
In the present section, we study the model by setting to zero the fermions. We first write the Lagrangian
as a function of the fields jµ and C and then we provide a new Lagrangian with new auxiliary fields which
simplifies the derivation of the energy-momentum tensor.
The bosonic part of the Lagrangian is (up to a factor
√−g)
Lbos = jµaµ − C D+
+ F (0)
(
j2
)
(CC + jµjµ) +
+ F (1)
(
j2
) [−C2jµjµ + C2∂µ∂νC∂µ∂νC +2C2 (C)2 + 4jµjνC (∂µ∂ν − gµν)C]+
+
1
2
F (2)
(
j2
) [−4C2jµjν (∂µ∂ρ − gµρ)C (∂ρ∂ν − δρν)C] .
(7.45)
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We define the quadratic differential operator
Mµν = ∂µ∂ν − gµν , ∂µMµν = 0 ,  = −1
3
gµνMµν . (7.46)
and we rewrite (7.45) with the Lagrangian multiplier Sµν
Lbos = jµaµ − C D+
+ F (0)
(
j2
)(−1
3
gµνBµνC + jµj
µ
)
+
+ F (1)
(
j2
) [−C2jµjµ + C2BµνBρσgµρgνσ + 4CjµjνBµν]+
+
1
2
F (2)
(
j2
) [−4C2jµjνBµρBνσgρσ]+
+ Sµν (Bµν −MµνC) .
(7.47)
In this way, we restrict the covariantization of the differential operatorMµν in a single term and the derivation
of the energy-momentum tensor is greatly simplified. We now compute the equations of motion for C, Bµν
and jµ respectively
D =− 2F (1)C + 2F (1)BµνBµν + 4F (1)jµjνBµν+
− 4F (2)CjµjνBµρBνσgρσ − 1
3
F (0)gµνBµν −MµνSµν ,
(7.48)
Sµν =− 2F (1)BµνC2 − 4Cjµjν + 4F (2)C2jµjρBρσgνσ + 1
3
F (0)Cgµν , (7.49)
aµ =− F (2)jµN[0] + F (1)C2jµ+
+
(
F (1)C2jµ
)
− 8F (1)C Bµνjν − F (3)N[1]+
+ 4F (2)C2BµρBνσg
ρσjν − 2F (1)jµN[2] − 2F (0)jµ ,
(7.50)
where N[0], N[1] and N[2] are the terms in (7.47) proportional to F (0), F (1), and F (2), respectively.
In the case jµ = 0, the Lagrangian (7.47) coupled to worldline metric is (we set F (0) = F (1) = 1)
Lbos
∣∣
j=0
=
√−g
[
C2gµρgνσBµνB
ρσ − CD − 1
3
CgµνBµν + S
µν (Bµν −MµνC)
]
. (7.51)
The equations of motion for C and Bµν are
D = 2CgµρgνσBµνB
ρσ − 1
3
gµνBµν −MµνSµν , (7.52)
and
Sµν = −2C2Bµν + 1
3
Cgµν . (7.53)
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Finally, for this simplified Lagrangian we derive the energy momentum tensor. We obtain
Tµν =− gµνC C − 1
2
gµν∂ρC ∂ρC + ∂
µC ∂νC+
− 5
2
gµνC2∇ρ∂σC∇ρ∂σC − 7gµνC2C C+
− 2gµνC ∂ρC ∂σC∇ρ∂σC − 14gµνC2 ∂ρC ∂ρC+
− 3gµνC3C − 8gµνC ∂ρC ∂ρC C+
− C2C∇µ∂νC + 4C ∂ρC∇ρ∂(µC ∂ ν)C+
− 2C ∂ρC ∂ρC∇µ∂νC + 6C2 ∂(µC∇ν)C+
− C2∇ρ∇µ∂νC ∂ρC + 8C ∂µC ∂νC C .
(7.54)
We prefer to analyze only the equations of motion with the Clebsch parametrization and in the case
ω = 0. This gives novel dynamical equations.
7.2.5 Dependence on the Ka¨hler Potential
We have to discuss the dependence of the equations of motion upon the Ka¨hler potential. For that, we discuss
only the bosonic sector and we observe the following identity
− jµFµν + C∂νD = −4∂µ
[
∂∂¯K C(∂µϕ¯∂νϕ+ ∂
µϕ∂νϕ¯)
]
, (7.55)
where the r.h.s. can be also be written as ∂µ(CGµν) whereGµν is the inverse of the Ka¨hler metric. It appears
as a total derivative. However, we cannot discard such term. The reason is that it does not follows directly
from the action, namely it is not a total derivative term derived from the action. Nevertheless, we can show
that it is harmless and, at least in the rigid case, can be discarded.
The left hand side of (7.55) can be obtained by the same method as in sec. (2.1). Indeed, by requiring
the invariance under an isometry and using the same equations as above we get a new equation of the form∫
d4xXν (−jµFµν + C∂µD) = −4
∫
d4xXν∂µ
[
∂∂¯K C(∂µϕ¯∂νϕ+ ∂
µϕ∂νϕ¯)
]
. (7.56)
Now, we can use the integration by parts in the r.h.s. and by using the fact that Xµ must be a Killing vector
for the flat metric we can easily conclude that the l.h.s. of (7.55) is effectively a total derivative and it can
be discarded. A complete proof of this statement would be very interesting since itwould show that the
dynamical equations of motion are independent of the parametrization of the gauge field A.
Conclusions of Part II
The second part of the present work deals with the study of supersymmetric extension of fluid dynamics.
The task is performed in two ways: by a supergravity generalization of fluid/gravity correspondence and by
proposing a suitable action written in superfield formalism.
We construct the complete non linear solution of supergravityN = 2,D = 3 equations of motion starting
from the BTZ black hole and generating the fermionic corrections by a finite supersymmetry transformation.
Due to the simplicity of the framework we are able to give analytic expression for the metric, the gravitino
and the gauge field at the highest order in the fermionic expansion.
The aim of this work is to prepare the ground for a complete computation of gravity/fluid correspon-
dence type and derive the non–linear supersymmetric Navier–Stokes equations for the complete solution.
By following the rules of the fluid/gravity correspondence, we derive the boundary equations of motion for
a supersymmetric fluid. This means a set of bosonic equations of motion, but also some Dirac-type equation
for the supersymmetric long range d.o.f. of the fluid. The computation is performed at the first order in the
bosonic parameters.
The analysis of the boundary fluid energy–momentum tensor is performed by computing the finite metric
associated to the transformation generated by Killing spinors and Killing vectors. We denote the finite metric
as the fermionic wig, to remind the reader the anticommuting nature of these “hairs”. We provide the exact
analytical solutions for both global coordinates and Poincare´ patch BTZ black hole. These are computed by
automatic computation and for that we describe the algorithms based on iterative solution of supergravity
equations. With this results we provide the energy-momentum tensor which is cast in a form from which one
can read the thermodynamic quantities.
Moreover, we analyze in detail the structure of the fermionic wig for the global BTZ black hole. We derive
the fermionic corrections to the mass and to the angular momentum of the BTZ black hole. In addition, we
compute the entropy of the black hole which also shows new terms depending on the vev’s of the fermionic
bilinears. We present the r-large expressions for the several geometrical quantities in the presence of the
fermionic corrections.
Using the developed programs we compute the wig for a more complicated model. We consider a
Schwarzschild black holes in AdS5 which is a solution of truncated N = 2, D = 5 gauged supergrav-
ity. The structure of the model is more rich than the BTZ black hole, the Killing spinors have eight real
components and hence the wig is computed by a four–step iterative algorithm (we remind that the algorithm
counts the number of fermionic bilinears). We present the result in different limits and in some of them we
check the supergravity equations of motion. After that, we compute the boundary energy–momentum tensor
and we briefly comment the results. We apply the same techniques also for black hole in AdS4.
We propose a new supersymmetric action for supersymmetric fluid dynamics, discussing some of its as-
pects, such as the new Navier–Stokes equations and their derivation. A discussion on the Clebsch parametriza-
tion is proposed and the derivation of the superfield equations is done in that framework. In this context, there
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are several open issues: what is the complete dynamics described by the present action and what is the role
of the boson C? Moreover, a fluid described only in terms of fermionic field can be discussed by setting to
zero both jµ andC. We believe that the study of the present system in the context of supergravity might shed
some light on the coupling with the worldvolume metric.
Part III
Appendices

Appendix A
osp(n|m) Algebra
The generators of the osp(n|m) algebra satisfy the following (anti)commutator relations[
T ab, T cd
]
= δbcT ad + δadT bc − δacT bd − δbdT ac ,
[Tαβ, Tγδ] = − (−εβγTαδ − εαδTβγ − εαγTβδ − εβδTαγ) ,[
T ab, Tαβ
]
= 0 ,[
T ab, Qcγ
]
= δbcQaγ − δacQbγ ,[
Tαβ, Q
c
γ
]
= −εγαQcβ − εγβQcγ ,{
Qaα, Q
b
β
}
= εαβT
ab + δabTαβ . (A.1)
We can now choose the following matrix form for the fundamental representation of osp(n|m)
(Qaα)
I
B = δ
aIεαB + δ
a
Bε
I
α ,(
T ab
)I
B
= δaIδbB − δbIδaB ,
(Tαβ)
I
B = ε
I
α εβB + ε
I
β εαB . (A.2)
To compute the supertraces of the generators we use the fundamental representation instead of the adjoint
one1. The reason for this is that for a particular choice of 2n and 2m the dual Coxeter number is zero and so
the Killing metric is totally degenerate. We obtain
Str (TαβTρσ) = −2εασεβρ − 2εαρεβσ ,
Str
(
T abT rs
)
= −2δarδbs + 2δasδbr ,
Str
(
QaαQ
b
β
)
= 2δabεαβ . (A.3)
1The trace of generators in the adjoint representation corresponds to the Killing metric.
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Appendix B
Details on OSp (2|2) /SO (2)× Sp (2)
Construction
In this appendix we show the complete derivation of the left invariant 1-form for the coset modelOSp (2|2) /SO (2)×
Sp (2) described in sec. 2.2.1.
From (2.64) we extract the non trivial structure constants
C 101 = 1 , C
2
02 = 1 , C
3
03 = −1 , C 404 = −1 ,
C 11′2 = −2 , C 31′4 = −2 , C 23′1 = 2 , C 43′3 = 2 ,
C 32′3 = 1 , C
4
2′4 = −1 , C 12′1 = 1 , C 22′2 = −1 ,
C 1
′
13 = 1 , C
0
14 = −1 , C 2
′
14 = 1 ,
C 2
′
23 = 1 , C
0
23 = 1 , C
3′
24 = 1 .
(B.1)
The constants from the first three lines are antisymmetric respect the exchange of the lower indices, the other
are otherwise symmetric. The reduced Killing metric is then (A = {i, i′})
κAB = 4

0 0 0 1
0 0 −1 0
0 1 0 0
−1 0 0 0
 . (B.2)
The representative is chosen as in (2.50)
L(θ) = eθ1Q1 eθ2Q2 eθ3Q3 eθ4Q4 , (B.3)
and, expanding in series, we obtain
L(θ) = (1 + θ1Q1) (1 + θ2Q2) (1 + θ3Q3) (1 + θ4Q4) . (B.4)
To construct the left-invariant 1-form we compute
L−1 = (1− θ4Q4) (1− θ3Q3) (1− θ2Q2) (1− θ1Q1) (B.5)
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and
dL = dθ1Q1 (1 + θ2Q2) (1 + θ3Q3) (1 + θ4Q4) +
+ (1 + θ1Q1) dθ2Q2 (1 + θ3Q3) (1 + θ4Q4) +
+ (1 + θ1Q1) (1 + θ2Q2) dθ3Q3 (1 + θ4Q4) +
+ (1 + θ1Q1) (1 + θ2Q2) (1 + θ3Q3) dθ4Q4 . (B.6)
Finally, the left-invariant 1-form reads
L−1dL = (1− θ4Q4) (1− θ3Q3) (1− θ2Q2) (1− θ1Q1)×
× dθ1Q1 (1 + θ2Q2) (1 + θ3Q3) (1 + θ4Q4) +
+ (1− θ4Q4) (1− θ3Q3) (1− θ2Q2) dθ2Q2 (1 + θ3Q3) (1 + θ4Q4) +
+ (1− θ4Q4) (1− θ3Q3) dθ3Q3 (1 + θ4Q4) + (1− θ4Q4) dθ4Q4 . (B.7)
As we have already told in sec. 2.2.1, the vielbeins receive contribution only from terms with a even number
of commutators between coset generators Q.
A single Q is obtained only from dθ
dθ1Q1 + dθ2Q2 + dθ3Q3 + dθ4Q4 . (B.8)
Three Q’s come from θiθjdθk
− θ4dθ1θ2Q4Q1Q2 − θ4dθ1θ3Q4Q1Q3 − θ3dθ1θ2Q3Q1Q2 − θ3dθ1θ4Q3Q1Q4+
− θ2dθ1θ3Q2Q1Q3 − θ2dθ1θ4Q2Q1Q4 − θ1dθ1θ2Q1Q1Q2 − θ1dθ1θ3Q1Q1Q3+
− θ1dθ1θ4Q1Q1Q4 + θ4θ3dθ1Q4Q3Q1 + θ4θ2dθ1Q4Q2Q1 + θ4θ1dθ1Q4Q1Q1+
+ θ3θ2dθ1Q3Q2Q1 + θ3θ1dθ1Q3Q1Q1 + θ2θ1dθ1Q2Q1Q1 + dθ1θ2θ3Q1Q2Q3+
+ dθ1θ2θ4Q1Q2Q4 + dθ1θ3θ4Q1Q3Q4 − θ4dθ2θ3Q4Q2Q3 − θ3dθ2θ4Q3Q2Q4+
− θ2dθ2θ3Q2Q2Q3 − θ2dθ2θ4Q2Q2Q4 + θ4θ3dθ2Q4Q3Q2 + θ4θ2dθ2Q4Q2Q2+
+ θ3θ2dθ2Q3Q2Q2 + dθ2θ3θ4Q2Q3Q4 − θ3dθ3θ4Q3Q3Q4 + θ4θ3dθ3Q4Q3Q3 .
(B.9)
Finally, the five generators contribute
− θ1dθ1θ2θ3θ4Q1Q1Q2Q3Q4 + θ4θ1dθ1θ2θ3Q4Q1Q1Q2Q3+
+ θ3θ1dθ1θ2θ4Q3Q1Q1Q2Q4 + θ2θ1dθ1θ3θ4Q2Q1Q1Q3Q4+
− θ4θ3θ1dθ1θ2Q4Q3Q1Q1Q2 − θ4θ2θ1dθ1θ3Q4Q2Q1Q1Q3+
− θ3θ2θ1dθ1θ4Q3Q2Q1Q1Q4 .
(B.10)
Due to nilpotency and the choice of the representative (2.70), all the previous terms are zero. We then have
θ2θ4dθ1 [−Q4Q1Q2 +Q2Q1Q4 +Q1Q2Q4 −Q4Q2Q1] ,
θ3θ4dθ1 [−Q4Q1Q3 +Q3Q1Q4 −Q4Q3Q1 +Q1Q3Q4] ,
θ2θ3dθ1 [−Q3Q1Q2 +Q2Q1Q3 −Q3Q2Q1 +Q1Q2Q3] ,
θ3θ4dθ2 [−Q4Q2Q3 +Q3Q2Q4 −Q4Q3Q2 +Q2Q3Q4] ,
(B.11)
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that is
θ2θ4dθ1 [{Q1 , Q2} Q4] = 0 ,
θ3θ4dθ1 [{Q1 , Q3} Q4] = −2θ3θ4dθ1Q3 ,
θ2θ3dθ1 [{Q1 , Q2} Q3] = 0 ,
θ3θ4dθ2 [{Q2 , Q3} Q4] = −2θ3θ4dθ2Q4 .
(B.12)
Summing up all the contributions, the left-invariant 1-form is
L−1dL = Q1dθ1 +Q2dθ2 +Q3 (−2θ3θ4dθ1 + dθ3) +Q4 (−2θ3θ4dθ2 + dθ4) + ΩIHI . (B.13)
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Appendix C
Non Linear Isometry for 2θ Actions
We find a generic non–linear isometry transformation for a generic 2θ action
S ∝
∫
Σ
(1 +Bθ1θ2) dθ1 ∧ ∗dθ2 , (C.1)
where B is a generic constant. Due to the nilpotent behaviour of fermionic fields θ, the generic non–linear
transformation is
θi → θi + (1 +Aiθ1θ2) εi , (C.2)
where ε is a fermionic constant and A is a generic constant. Imposing the invariance of the action we find a
constraint for A and B
S →
∫
Σ
(
1 +B [θ1 + (1 +A1θ1θ2) 1] [θ2 + (1 +A1θ1θ2) 2]
)
×
× d [θ1 + (1 +A1θ1θ2) 1] ∧ ∗d [θ2 + (1 +A1θ1θ2) 2] =
=
∫
Σ
(
1 +Bθ1θ2 +Bθ1 (1 +A1θ1θ2) 2 +B (1 +A1θ1θ2) 1θ2
)
×
× [dθ1 +A1dθ1θ21 +A1θ1dθ21] ∧ ∗ [dθ2 +A2dθ1θ22 +A2θ1dθ22] =
=
∫
Σ
(
1 +Bθ1θ2 +Bθ12 +B1θ2
)
×
×
(
dθ1 ∧ ∗dθ2 +A2dθ1 ∧ ∗(θ1dθ22) +A1(dθ1θ21) ∧ ∗dθ2 +
+ 2A1A2(dθ1θ2) ∧ ∗(θ1dθ2)12
)
=
=
∫
Σ
(
1 +Bθ1θ2
)
dθ1 ∧ ∗dθ2 +
+BA1θ12dθ1θ21 ∧ ∗δθ2 +BA21θ2dθ1 ∧ ∗(θ1dθ22) +
+ 2A1A2(dθ1θ2) ∧ ∗(θ1dθ2)12 +
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+Bθ12dθ1 ∧ ∗dθ2 +B1θ2dθ1 ∧ ∗dθ2 +
+A2dθ1 ∧ ∗(θ1dθ22) +A1θ2(dθ1θ21) ∧ ∗dθ2 =
=
∫
Σ
(
1 +Bθ1θ2
)
dθ1 ∧ ∗dθ2 +
+A1[B −A2]θ1θ2dθ1 ∧ ∗dθ212 +A2[B −A2]θ1θ2dθ1 ∧ ∗dθ212 +
+ [B −A2]θ1dθ1 ∧ ∗dθ22 + [A1 −B]θ2dθ1 ∧ ∗dθ21 , (C.3)
then, (C.2) is an isometry if
A1 = A2 = B . (C.4)
Appendix D
OSp(1|2) T-duality Construction
Here we compute the nine different pieces that form Ω¯(αβ)
[
Πˆ−1
]
(αβ)(ρσ)
Ω(ρσ). Notice that
• we rewrite Ω in three parts:
Ωρσ = −i∂φˆδρσ − 1
1− 4φˆ2 θ
(ρ∂θ σ) − 2iφˆ
1− 4φˆ2 θ
(ρ εσ)λδλτ∂θ
τ ,
Ω¯ρσ = +i∂¯φˆδρσ − 1
1− 4φˆ2 θ
(ρ ∂¯θ σ) +
2iφˆ
1− 4φˆ2 θ
(ρ εσ)λδλτ ∂¯θ
τ . (D.1)
• the following relation holds, where M is a generic symmetric matrix:
M (αβ)[< εδ >](αβ)(ρσ)M
(ρσ) = 0 .
The different pieces are
• part1A
δαβ (L < εε > +M < εδ > +P < δδ >)(αβ)(ρσ) δ
ρσ = 4 (L+ P ) ; (D.2)
• part1B
δαβ (L < εε > +M < εδ > +P < δδ >)(αβ)(ρσ) θ
(ρ∂θ σ) = 2 (L+ P ) θα∂θβδαβ ; (D.3)
• part1C
δαβ (L < εε > +M < εδ > +P < δδ >)(αβ)(ρσ) θ
(ρ εσ)λδλτ∂θ
τ
= 2 (L+ P ) θα∂θβεαβ ; (D.4)
• part2A
θ(α ∂¯θ β) (L < εε > +M < εδ > +P < δδ >)(αβ)(ρσ) δ
ρσ = 2 (L+ P ) θα∂¯θβδαβ ; (D.5)
• part2B
θ(α ∂¯θ β) (L < εε > +M < εδ > +P < δδ >)(αβ)(ρσ) θ
(ρ∂θ σ)
= θ1θ2
(
−4M∂¯θα∂θβδαβ − 3L∂¯θα∂θβεαβ + P ∂¯θα∂θβεαβ
)
; (D.6)
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• part2C
θ(α ∂¯θ β) (L < εε > +M < εδ > +P < δδ >)(αβ)(ρσ) θ
(ρ εσ)λδλτ∂θ
τ
= θ1θ2
(
−4M∂¯θα∂θβεαβ + 3L∂¯θα∂θβδαβ − P ∂¯θα∂θβδαβ
)
; (D.7)
• part3A
θ(α εβ)λδλτ∂θ
τ (L < εε > +M < εδ > +P < δδ >)(αβ)(ρσ) δ
ρσ
= 2 (L+ P ) θα∂θβεαβ ; (D.8)
• part3B
θ(α εβ)λδλτ∂θ
τ (L < εε > +M < εδ > +P < δδ >)(αβ)(ρσ) θ
(ρ∂θ σ)
= θ1θ2
(
+4M∂¯θα∂θβεαβ + 3L∂¯θ
α∂θβδαβ − P ∂¯θα∂θβδαβ
)
; (D.9)
• part3C
θ(α εβ)λδλτ∂θ
τ (L < εε > +M < εδ > +P < δδ >)(αβ)(ρσ) θ
(ρ εσ)λδλτ∂θ
τ
= θ1θ2
(
−4M∂¯θα∂θβδαβ − 3L∂¯θα∂θβεαβ + P ∂¯θα∂θβεαβ
)
. (D.10)
Appendix E
UV-divergences
Here we summarize some important results for divergent integrals. First of all, we recall the near–zero–
expansion of the Euler gamma function
Γ(ε) =
1
ε
− γ +O(ε) , (E.1)
we have that (see [64, 65, 66])
− iBα0 =
∫
ddq
1
(q2 +M2)α
= pid/2
Γ
(
α− d2
)
Γ (α)
(
M2
)(d/2−α)
, (E.2)
which yields
− iB10 =
∫
ddq
1
q2 +M2
=
2pi
ε
− pi (γ + lnpi + lnM2)+O (ε) . (E.3)
Moreover ∫
ddq
qµ
q2 +M2
= 0 , (E.4)
and ∫
ddq
qµqν
(q2 +M2)α
= −iBα0
(
−1
2
M2
d
2 − α+ 1
γµν
)
, (E.5)
from which we obtain∫
ddq
qµqν
q2 +M2
= −M
2
2
(
2pi
ε
− pi (γ + lnpi + lnM2)+O (ε)) γµν . (E.6)
With these results, we compute the following integrals
I1 ≡
∫
ddqddk
1
(q2 +M2) (k2 +M2)
=
=
(
2pi
ε
)2
− 2pi (γ + lnpi + lnM2) 2pi
ε
+O (1) , (E.7)
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and
I2 =
∫
ddqddk
q2
(q2 +M2)2 (k2 +M2)
(
(q − k − p)2 +M2
) =
=
∫
ddqddk
q2 +M2 −M2
(q2 +M2)2 (k2 +M2)
(
(q − k − p)2 +M2
) =
=
∫
ddqddk
1
(k2 +M2)
(
(q − k − p)2 +M2
) +O (1) =
=
∫
ddqddk
1
(q2 +M2) (k2 +M2)
+O (1)
= I1 +O (1) , (E.8)
where we perform the shift q → q − k − p.∫
ddqddk
q · k
(q2 +M2)2 (k2 +M2)
(
(q − k − p)2 +M2
) ≡ I3 . (E.9)
We notice that
2q · k = −
(
(q − k − p)2 +M2
)
+ q2 + k2 + p2 +M2 − 2p · q + 2p · k , (E.10)
so we get
I3 =
1
2
(−I1 + I2 + I2) +O (1) = 1
2
I1 +O (1) . (E.11)
Appendix F
Feynman Rules Conventions
We define the Green function G (x′ − x) as the solution of
OG
(
x′ − x) = +δ2 (x′ − x) . (F.1)
WhereO is the operator associated to the quadratic term in the fields φ obtained by rewriting the lagrangian1
as
L = 1
2
φOφ . (F.2)
To solve the equation we use the Fourier transformation defined as
f (x) =
∫
d2p
(2pi)2
e−ip·xf˜ (p) , (F.3)
from which we have that the transformation rule for the derivative operator is
∂µ → −ipµ . (F.4)
Now, for quantum field theory purpose, we need the vacuum expectation value of the T-product of two fields.
It can be shown that the following relation holds
< 0|Tφ (x)φ (x′) |0 >= iG (x− x′) . (F.5)
Although, we use the convention to define the propagator as the Green function (F.1).
The vertices are defined via the Gell-Mann low formula, in which is present the factor exp [−iS], with
S the action of the model. Again, in spite of this we define the vertex without any factor.
The 1PI 2-point function is defined as the inverse of the propagator.
1For simplicity consider a single real field φ.
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Appendix G
Feynman Rules
We summarize here the Feynman rules.
• Propagator XX:
∆βγcb (θ) = +
1
4
εγβδcb
p2
; (G.1)
• Vertex BX:
δ2Γ
δB βµb (p) δθ
γ
c (−p)
= 4λ−1εβγδbc (−i) qµ =
= −4iλ−1εβγδbc (−pµ) =
= 4iλ−1εβγδbcpµ ; (G.2)
• Vertex BBXX:
[BBXX]abcdαβγδ = V
[2] =
=
[
−4δacδbdεαδεβγ + 2δabδcdεαδεβγ + 4δadδbcεαγεβδ+
−2δabδcdεαγεβδ + 2δadδbcεαβεγδ + 2δacδbdεαβεγδ
]
γµν ; (G.3)
• Vertex BXXX:
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[BXXX]abcdαβγδ µ = −i
4λ
3
V [3] =
= −i4λ
3
(
−4pBδacδbdεαδεβγ + 2pCδacδbdεαδεβγ+
+2pDδ
acδbdεαδεβγ + 2pBδ
abδcdεαδεβγ+
−4pCδabδcdεαδεβγ + 2pDδabδcdεαδεβγ+
+4pBδ
adδbcεαγεβδ − 2pCδadδbcεαγεβδ+
−2pDδadδbcεαγεβδ − 2pBδabδcdεαγεβδ+
−2pCδabδcdεαγεβδ + 4pDδabδcdεαγεβδ+
+2pBδ
adδbcεαβεγδ − 4pCδadδbcεαβεγδ+
+2pDδ
adδbcεαβεγδ + 2pBδ
acδbdεαβεγδ+
+2pCδ
acδbdεαβεγδ − 4pDδacδbdεαβεγδ
)
µ
; (G.4)
• Vertex XXXX:
[XXXX]abcdαβγδ = −
1
3
λ2V [4] =
= −1
3
λ2
(
−4pA · pBδacδbdεαδεβγ + 2pA · pCδacδbdεαδεβγ+
+2pA · pDδacδbdεαδεβγ + 2pB · pCδacδbdεαδεβγ+
+2pB · pDδacδbdεαδεβγ − 4pC · pDδacδbdεαδεβγ+
+2pA · pBδabδcdεαδεβγ − 4pA · pCδabδcdεαδεβγ+
+2pA · pDδabδcdεαδεβγ + 2pB · pCδabδcdεαδεβγ+
−4pB · pDδabδcdεαδεβγ + 2pC · pDδabδcdεαδεβγ+
+4pA · pBδadδbcεαγεβδ − 2pA · pCδadδbcεαγεβδ+
−2pA · pDδadδbcεαγεβδ − 2pB · pCδadδbcεαγεβδ+
−2pB · pDδadδbcεαγεβδ + 4pC · pDδadδbcεαγεβδ+
−2pA · pBδabδcdεαγεβδ − 2pA · pCδabδcdεαγεβδ+
+4pA · pDδabδcdεαγεβδ + 4pB · pCδabδcdεαγεβδ+
−2pB · pDδabδcdεαγεβδ − 2pC · pDδabδcdεαγεβδ+
+2pA · pBδadδbcεαβεγδ − 4pA · pCδadδbcεαβεγδ+
+2pA · pDδadδbcεαβεγδ + 2pB · pCδadδbcεαβεγδ+
−4pB · pDδadδbcεαβεγδ + 2pC · pDδadδbcεαβεγδ+
+2pA · pBδacδbdεαβεγδ + 2pA · pCδacδbdεαβεγδ+
−4pA · pDδacδbdεαβεγδ − 4pB · pCδacδbdεαβεγδ+
+2pB · pDδacδbdεαβεγδ + 2pC · pDδacδbdεαβεγδ
)
; (G.5)
• Vertex BBXXXX:
147
[BBXXXX]abcdrsαβγδρσ =
λ2
12
V [6] =
=
λ2
12
(
−48δadδbsδcrεασεβρεγδ − 48δarδbdδcsεασεβρεγδ − 48δacδbsδdrεασεβρεγδ+
+12δabδcsδdrεασεβρεγδ − 48δarδbcδdsεασεβρεγδ + 12δabδcrδdsεασεβρεγδ+
+72δadδbcδrsεασεβρεγδ + 72δ
acδbdδrsεασεβρεγδ + 48δ
asδbdδcrεαρεβσεγδ+
+48δadδbrδcsεαρεβσεγδ + 48δ
asδbcδdrεαρεβσεγδ − 12δabδcsδdrεαρεβσεγδ+
+48δacδbrδdsεαρεβσεγδ − 12δabδcrδdsεαρεβσεγδ − 72δadδbcδrsεαρεβσεγδ+
−72δacδbdδrsεαρεβσεγδ + 48δarδbsδcdεασεβδεγρ + 48δadδbrδcsεασεβδεγρ+
+48δacδbsδdrεασεβδεγρ − 12δabδcsδdrεασεβδεγρ − 72δarδbcδdsεασεβδεγρ+
−72δacδbrδdsεασεβδεγρ + 48δadδbcδrsεασεβδεγρ − 12δabδcdδrsεασεβδεγρ+
−48δasδbrδcdεαδεβσεγρ − 48δarδbdδcsεαδεβσεγρ − 48δasδbcδdrεαδεβσεγρ+
+12δabδcsδdrεαδεβσεγρ + 72δ
arδbcδdsεαδεβσεγρ + 72δ
acδbrδdsεαδεβσεγρ+
−48δacδbdδrsεαδεβσεγρ + 12δabδcdδrsεαδεβσεγρ − 48δasδbrδcdεαρεβδεγσ+
−48δadδbsδcrεαρεβδεγσ + 72δasδbcδdrεαρεβδεγσ + 72δacδbsδdrεαρεβδεγσ+
−48δacδbrδdsεαρεβδεγσ + 12δabδcrδdsεαρεβδεγσ − 48δadδbcδrsεαρεβδεγσ+
+12δabδcdδrsεαρεβδεγσ + 48δ
arδbsδcdεαδεβρεγσ + 48δ
asδbdδcrεαδεβρεγσ+
−72δasδbcδdrεαδεβρεγσ − 72δacδbsδdrεαδεβρεγσ + 48δarδbcδdsεαδεβρεγσ+
−12δabδcrδdsεαδεβρεγσ + 48δacδbdδrsεαδεβρεγσ − 12δabδcdδrsεαδεβρεγσ+
−48δarδbsδcdεασεβγεδρ − 48δadδbsδcrεασεβγεδρ + 72δarδbdδcsεασεβγεδρ+
+72δadδbrδcsεασεβγεδρ − 48δacδbrδdsεασεβγεδρ + 12δabδcrδdsεασεβγεδρ+
−48δacδbdδrsεασεβγεδρ + 12δabδcdδrsεασεβγεδρ + 48δasδbrδcdεαγεβσεδρ+
+48δasδbdδcrεαγεβσεδρ − 72δarδbdδcsεαγεβσεδρ − 72δadδbrδcsεαγεβσεδρ+
+48δarδbcδdsεαγεβσεδρ − 12δabδcrδdsεαγεβσεδρ + 48δadδbcδrsεαγεβσεδρ+
−12δabδcdδrsεαγεβσεδρ + 12δasδbrδcdεαβεγσεδρ + 12δarδbsδcdεαβεγσεδρ+
+12δasδbdδcrεαβεγσεδρ + 12δ
adδbsδcrεαβεγσεδρ + 12δ
arδbcδdsεαβεγσεδρ+
+12δacδbrδdsεαβεγσεδρ + 12δ
adδbcδrsεαβεγσεδρ + 12δ
acδbdδrsεαβεγσεδρ+
+48δasδbrδcdεαρεβγεδσ − 72δasδbdδcrεαρεβγεδσ − 72δadδbsδcrεαρεβγεδσ+
+48δadδbrδcsεαρεβγεδσ + 48δ
acδbsδdrεαρεβγεδσ − 12δabδcsδdrεαρεβγεδσ+
+48δacδbdδrsεαρεβγεδσ − 12δabδcdδrsεαρεβγεδσ − 48δarδbsδcdεαγεβρεδσ+
+72δasδbdδcrεαγεβρεδσ + 72δ
adδbsδcrεαγεβρεδσ − 48δarδbdδcsεαγεβρεδσ+
−48δasδbcδdrεαγεβρεδσ + 12δabδcsδdrεαγεβρεδσ − 48δadδbcδrsεαγεβρεδσ+
+12δabδcdδrsεαγεβρεδσ − 12δasδbrδcdεαβεγρεδσ − 12δarδbsδcdεαβεγρεδσ+
−12δarδbdδcsεαβεγρεδσ − 12δadδbrδcsεαβεγρεδσ − 12δasδbcδdrεαβεγρεδσ+
−12δacδbsδdrεαβεγρεδσ − 12δadδbcδrsεαβεγρεδσ − 12δacδbdδrsεαβεγρεδσ+
+72δasδbrδcdεαδεβγερσ + 72δ
arδbsδcdεαδεβγερσ − 48δasδbdδcrεαδεβγερσ+
−48δarδbdδcsεαδεβγερσ − 48δacδbsδdrεαδεβγερσ + 12δabδcsδdrεαδεβγερσ+
−48δacδbrδdsεαδεβγερσ + 12δabδcrδdsεαδεβγερσ − 72δasδbrδcdεαγεβδερσ+
−72δarδbsδcdεαγεβδερσ + 48δadδbsδcrεαγεβδερσ + 48δadδbrδcsεαγεβδερσ+
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+48δasδbcδdrεαγεβδερσ − 12δabδcsδdrεαγεβδερσ + 48δarδbcδdsεαγεβδερσ+
−12δabδcrδdsεαγεβδερσ + 12δasδbdδcrεαβεγδερσ + 12δadδbsδcrεαβεγδερσ+
+12δarδbdδcsεαβεγδερσ + 12δ
adδbrδcsεαβεγδερσ + 12δ
asδbcδdrεαβεγδερσ+
+12δacδbsδdrεαβεγδερσ + 12δ
arδbcδdsεαβεγδερσ + 12δ
acδbrδdsεαβεγδερσ
)
. (G.6)
Appendix H
Notations for part II
In this appendix we summarize the notations for the second part of this Thesis.
Expression Meaning
Uppercase Latin indices {M,N, · · · } Curved bulk indices in d+ 1 dimensions
Uppercase Latin indices {A,B, · · · } Flat bulk indices in d+ 1 dimensions
Lowecase Greek indices {µ, ν, · · · } Curved boundary indices in d dimensions
{t, r, i} Curved time, radial and spatial boundary directions
{0, 1, a} Flat time, radial and spatial boundary directions
ηMN = diag[−1, 1, · · · , 1] Minkowski metric
gMN Bulk metric in d+ 1 dimensions
γµν Boundary metric in d dimensions
Tµν Boundary energy–momentum tensor
eAM Vielbein
eMA Inverse vielbein
Symmetrization (A , B) = 12(AB +BA)
Antisymmetrization [A , B] = 12(AB −BA)
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Appendix I
AdS5 in Eddington–Finkelstein Coordinates
In [36, 37] the authors formalize the gauge/gravity procedure using the metric in Eddington–Finkelstein
coordinates. Here we present some results in 5–dimensions in the same coordinates system.
Eddington-Finkelstein coordinates for the AdS5 metric (6.23) are defined through the following change
of variables:
t = v +
1
r
, (I.1)
by which AdS5 metric reads
ds2 = −r2dv2 + 2drdv + r2
3∑
i=1
dx2i . (I.2)
The non-zero vielbein components are
e0v = r , e
0
r = −
1
r
, e1r =
1
r
, eai = rδ
a
i ; (I.3)
while the non-zero components of spin connection are
ω01v = r , ω
01
r = −
1
r
ωa1i = r δ
a
i . (I.4)
Eq. (6.26) in this coordinates system is
ds2 = −
(
r2 +
µ
r2
)
dv2 + 2drdv + r2
3∑
i=1
dx2i , (I.5)
where we used the following change of coordinates
t = v −
∫
1
r2 + µ
r2
dr . (I.6)
The variation of the black hole metric in the Eddington-Finkelstein coordinates (I.5), generated by these
Killing vectors with all the conformal parameters set to zero reads
ds2 =2dv dr − h2 (r) dv2 + r2dxidxi+
− 2bi
(
1− r
2
h2 (r)
)
dxi dr − 2bi
(
r2 − h2 (r)) dxi dv + 4µ b
r2
dv2 , (I.7)
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where h (r) =
√
r2 + µ
r2
. In [36, 37] a different frame has been chosen, that is achieved by setting µ = −1
and by a change of coordinates generated by the following vectors
ξi =
∫
f i (r)
r2
dr + wˆijxj + dˆi ,
ξr =ξv = 0 , (I.8)
where f i (r) = 2bi r2
h2(r)
, wˆij is an antisymmetric matrix and dˆi is a constant. We get
ds2 =2dv dr − h2 (r) dv2 + r2dxidxi+
− 2bidxi dr − 2bi
(
r2 − h2 (r)) dxi dv − 4 b
r2
dv2 . (I.9)
Appendix J
Fierz Identities
We list here some of the properties of Majorana spinors and some useful Fierz Identities:
s¯1Ms2 = s¯2Ms1 if M = 1, γ5, γ5γ
µ ,
s¯1Ms2 = −s¯2Ms1 if M = γµ, γµν .
(J.1)
The Fierz Identities for 2 identical spinors read
θθ¯ = −1
4
(
θ¯θ + θ¯γ5θγ5 − θ¯γ5γµθγ5γµ
)
, (J.2)
while those for 3 spinors are
θ(θ¯θ) = −γ5θθ¯γ5θ ,
θ(θ¯γ5γµθ) = −γµθθ¯γ5θ .
(J.3)
Using (J.3) it is easy to show that the following identities also hold
(θ¯θ)2 = −(θ¯γ5θ)2 ,
(θ¯γ5γµθ)(θ¯γ5γνθ) = −ηµν(θ¯γ5θ)2 ,
(θ¯θ)(θ¯γ5θ) = (θ¯θ)(θ¯γ5γµθ) = (θ¯γ5θ)(θ¯γ5γµθ) = 0 .
(J.4)
Finally the integration measure for Grassmann variables is∫
d4θ(θ¯γ5θ)
2 = −4 . (J.5)
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Appendix K
Complete Lagrangian
Here we present the complete expansion of the supersymetric Lagrangian (7.26). This can be rewritten as
L =
∫
d4x
∫
d4θ
(
−JA+
4∑
i=0
1
i!
F (i)Li
)
, (K.1)
where F (i) is the order i-derivative of F (JµJ µ) computed at JµJ µ = jµjµ and
Li = (JµJ µ − jµjµ)i J2 . (K.2)
In the following we show the explicit form of the four Li. To perform the computation we developed a pro-
gram written in FORM language (see [124] and references therein) which, given a set of superfields expanded
in components, returns as result any desired combination of these fields, integrated over d4θ. The subroutine
structure of the program allows us to check every intermediate passage, or to use each single procedure to
perform different calculations such as Fierz identities or gamma manipulations.
Notice that only L1 and L2 has purely bosonic terms (K.3a) and (K.4a).
L1 =− C2 [jµjµ + (∂µ∂νC∂µ∂νC + 2CC)] +
+ 4Cjµjν (∂µ∂ν − ηµν)C+ (K.3a)
− C2∂µω¯∂µ 6∂ω+
+ 2C2ω¯ 6∂ω+
− 2iCjµ∂µω¯γ5 6∂ω+
− iCjµ∂ν ω¯γ5γµ∂νω+
+ 4CCω¯ 6∂ω+
+ 2C∂µ∂νCω¯γ
µ∂νω+
+ 2Cjµ∂ν ω¯γρ∂σωε
µνρσ+
− 2iCjµω¯γ5∂µ 6∂ω+
+ 2iCjµω¯γ5γµω+
+ 2j2ω¯ 6∂ω+
− 2jµjν ω¯γµ∂νω+
− ijµ (∂µ∂ν − ηµν)Cω¯γ5γνω+
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− 3
4
ω¯ω∂µω¯∂
µω+
− 1
2
ω¯ω∂µω¯γ
µν∂νω+
+
3
4
ω¯γ5ω∂µω¯γ5∂
µω+
+
1
2
ω¯γ5ω∂µω¯γ5γ
µν∂νω+
− ω¯γ5γµω∂µω¯γ5 6∂ω+
+
1
4
ω¯γ5γµω∂ν ω¯γ5γ
µ∂νω , (K.3b)
L2 =− 4C2jµjν (∂µ∂ρ − ηµρ)C (∂ν∂ρ − δρν)C+ (K.4a)
− 2C2jµ (∂µ∂ν − ηµν)C [∂ρω¯γσ∂τωενρστ − 6i∂ν ω¯γ5 6∂ω + i∂ρω¯γ5γν∂ρω]
+ 6C2Cjµ [∂ν ω¯γρ∂σωεµνρσ + 2i∂µω¯γ5 6∂ω − 2i∂ν ω¯γ5γµ∂νω]
+ 2C2jµ (∂α∂ν − ηαν)C∂ρω¯γα∂σωεµνρσ+
− 4iC2 (∂µ∂ν − ηµν)Cjρ∂µω¯γ5γρ∂νω+
+
9
4
C2∂µω¯∂
µω∂ν ω¯∂
νω+
+ 3C2∂µω¯∂
µω∂ν ω¯γ
νρ∂ρω+
− 9
4
C2∂µω¯γ5∂
µω∂ν ω¯γ5∂
νω+
− 3C2∂µω¯γ5∂µω∂ν ω¯γ5γνρ∂ρω+
− 2C2∂µω¯γ5γν∂µω∂ν ω¯γ5 6∂ω+
+
1
4
C2∂µω¯γ5γ
ν∂µω∂ρω¯γ5γν∂
ρω+
+ 4C2∂µω¯γ5 6∂ω∂µω¯γ5 6∂ω+
+ C2∂µω¯γ
µν∂νω∂ρω¯γ
ρσ∂σω+
− C2∂µω¯γ5γµν∂νω∂ρω¯γ5γρσ∂σω+
+ 4C2jµjν∂µω¯γνω+
− 4C2jµjν∂µ∂ν ω¯ 6∂ω+
− 4C2jµjν∂ρω¯γµ∂ν∂ρω+
+ 4C2j2ω¯ 6∂ω+
+ 4iC2jτ jµ∂ν ω¯γ5γρ∂τ∂σωε
µνρσ+
− 4Cj2 [jµ∂ν ω¯γσ∂ρωεµνρσ − 2ijµ∂µω¯γ5 6∂ω + 2ijν∂µω¯γ5γν∂µω] +
+ 4iCjµjνjρ∂µω¯γ5γν∂ρω+
− 8iCj2jµ∂µω¯γ5 6∂ω+
+ 4iCj2jµ∂ν ω¯γ5γµ∂
νω+
− 8Cjµjν (∂µ∂ν − ηµν)Cω¯ 6∂ω+
+ 8Cjµjν (∂ν∂ρ − ηνρ)Cω¯γν∂ρω+
+ 8iCjτ jµ (∂τ∂ν − gτν)Cω¯γ5γρ∂σωεµνρσ+
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− 8iCjν ω¯γν∂µω∂µω¯γ5 6∂ω+
+ 2iCjρω¯γρ∂µω∂ν ω¯γ5γ
µ∂νω+
+ 8iCjµω¯ 6∂ω∂µω¯γ5 6∂ω+
− 2iCjµω¯ 6∂ω∂ν ω¯γ5γµ∂νω+
− 2Cjµω¯γ5γν∂ρω∂τ ω¯γ5γσ∂τωεµνρσ+
+ 8Cjµω¯γ5γν∂ρω∂σω¯γ5 6∂ωεµνρσ+
+ 6iCjµω¯γ
µν∂νω∂ρω¯γ5∂
ρω+
+ 4iCjµω¯γ
µν∂νω∂ρω¯γ5γ
ρσ∂σω+
− 6iCjµω¯γ5γµν∂νω∂ρω¯∂ρω+
− 4iCjµω¯γ5γµν∂νω∂ρω¯γρσ∂σω+
+ ω¯ω
[
jµjν∂µω¯∂νω − j2∂µω¯∂µω + 2jµjν∂µω¯γνρ∂ρω − j2∂µω¯γµν∂νω
]
+
+ ω¯γ5ω
[−jµjν∂µω¯γ5∂νω + j2∂µω¯γ5∂µω − 2jµjν∂µω¯γ5γνρ∂ρω + j2∂µω¯γ5γµν∂νω]+
+ jµω¯γ5γµω [−iενρστ jν∂ρω¯γσ∂τω + 2jν∂ν ω¯γ5 6∂ω − 2jν∂ρω¯γ5γν∂ρω] +
+ ω¯γ5γµω [−iεµνρσjτ jν∂ρω¯γτ∂σω − jνjρ∂ν ω¯γ5γµ∂ρω + 2jνjρ∂ν ω¯γ5γρ∂µω+
−2j2∂µω¯γ5 6∂ω + j2∂ν ω¯γ5γµ∂νω
]
, (K.4b)
L3 = + 12C
2 (∂µ∂ν − gµν)C
[
jµjνjτ∂ρω¯γλ∂σωε
τρσλ +
−2i jµjνjρ∂ρω¯γ5 6∂ω + 2i jµjνjρ∂σω¯γ5γρ∂σω+
+jµjρjσ∂αω¯γρ∂βωε
σναβ + i jµjρjσ∂ρω¯γ5γ
ν∂σω+
−2i jµjρjσ∂ρω¯γ5γσ∂νω + 2i (j · j) jµ∂ν ω¯γ5 6∂ω+
−i (j · j) jµ∂ρω¯γ5γν∂ρω] +
− 6C2jνjµ∂µω¯∂νω∂ρω¯γρσ∂σω+
− 9C2jµjν∂ρω¯∂ρω∂µω¯∂νω+
+ 9C2 (j · j) ∂µω¯∂µω∂ν ω¯∂νω+
− 18C2jνjρ∂µω¯∂µω∂ν ω¯γρσ∂σω+
− 15C2 (j · j) ∂µω¯∂µω∂ν ω¯γρν∂ρω+
− 6C2jµjν∂µω¯γ5∂νω∂ρω¯γ5γσρ∂σω+
+ 9C2jµjν∂ρω¯γ5∂ρω∂ν ω¯γ5∂ρω+
− 9C2 (j · j) ∂µω¯γ5∂µω∂ν ω¯γ5∂νω+
+ 18C2jνjρ∂
µω¯γ5∂µω∂ν ω¯γ5γ
ρσ∂σω+
− 15C2 (j · j) ∂µω¯γ5∂µω∂ν ω¯γ5γνρ∂ρω+
+ 3iC2jµjν∂αω¯γµ∂ρω∂
σω¯γ5γλ∂σωε
ναρλ +
− 12iC2jµjα∂ν ω¯γµ∂ρω∂σω¯γ5γσ∂λωεανρλ +
− 12iC2jµjλ∂ν ω¯γρ∂σω∂λω¯γ5 6∂ωεµνσρ +
+ 3iCjµjν∂ρω¯γσ∂λω∂
αω¯γ5γµ∂αωε
νρλσ +
− 6C2jµjν∂µω¯γ5γρ∂ρω∂ν ω¯γ5 6∂ω+
− 6C2jµjν∂ρω¯γ5γµ∂νω∂σω¯γ5γσ∂ρω+
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+ 3C2jνjρ∂µω¯γ5γν∂ρω∂
σω¯γ5γµ∂σω+
− 18C2jµjν∂µω¯γ5 6∂ω∂ν ω¯γ5 6∂ω+
+ 30C2jµjν∂µω¯γ5 6∂ω∂σω¯γ5γν∂σω+
− 6C2jµjν∂ρω¯γ5γµ∂ρω∂σω¯γ5γν∂σω+
− 3C2jµjν∂ρω¯γ5γσ∂ρω∂ν ω¯γ5γσ∂µω+
+ 3C2jµjν∂ρω¯γ5γ
σ∂ρω∂ν ω¯γ5γµ∂σω+
− 18C2 (j · j) ∂µω¯γ5γν∂µω∂ν ω¯γ5 6∂ω+
+ 3C2 (j · j) ∂µω¯γ5γν∂µω∂ρω¯γ5γν∂ρω+
+ 12C2jµjν∂σω¯γ5 6∂ω∂µω¯γ5γσ∂νω+
− 6C2jµjν∂σω¯γ5 6∂ω∂ν ω¯γ5γµ∂σω+
+ 24 (j · j)C2∂µω¯γ5 6∂ω∂µω¯γ5 6∂ω+
− 12C2jµjν∂ρω¯γ5 6∂ω∂ν ω¯γ5γµ∂ρω+
− 12C2jµjν∂ν ω¯γµρ∂ρω∂σω¯γσλ∂λω+
+ 6C2 (j · j) ∂µω¯γµν∂νω∂ρω¯γρσ∂σω+
+ 12C2jµj
ν∂ν ω¯γ5γ
µρ∂ρω∂σω¯γ5γ
σλ∂λω+
− 6C2 (j · j) ∂µω¯γ5γµν∂νω∂ρω¯γ5γρσ∂σω+
− 4Cjµjνjρω¯γµ∂νω∂σω¯γβ∂αωερσαβ +
+ 8iCjµjνjρω¯γµ∂νω∂ρω¯γ5 6∂ω +
− 8iCjµjνjρω¯γµ∂νω∂σω¯γ5γρ∂σω +
− 4Cjµjνjαω¯γµ∂ρω∂σω¯γα∂βωενρσβ +
− 4iCjµjρjν ω¯γµ∂σω∂ν ω¯γ5γσ∂ρω +
+ 8iCjµjρjν ω¯γµ∂
σω∂ν ω¯γ5γρ∂σω +
− 8iC (j · j) jµω¯γµ∂νω∂ν ω¯γ5 6∂ω +
+ 4iC (j · j) jµω¯γµ∂νω∂ρω¯γ5γν∂ρω +
+ 4C (j · j) jµω¯ 6∂ω∂ν ω¯γρ∂λωεµνλρ +
− 4iCjµjνjρω¯ 6∂ω∂ρω¯γ5γµ∂νω +
+ 4iC (j · j) jµω¯ 6∂ω∂ρω¯γ5γµ∂ρω +
+ 8iCjµjνjρω¯γ5γ
σ∂µω∂ρω¯γν∂σω +
− 8iCjµjνjρω¯γ5γµ∂σω∂ρω¯γν∂σω +
− 8iC (j · j) jµω¯γ5γν∂ρω∂ρω¯γµ∂νω +
− 4Cjµjνjρω¯γ5γσ∂λω∂ν ω¯γ5γα∂µωερλσα +
+ 8Cjµjνjρω¯γ5γσ∂λω∂ν ω¯γ5γµ∂αωε
ρλσα +
+ 4C (j · j) jµω¯γ5γν∂ρω∂σω¯γ5γα∂σωεµρνα +
− 8C (j · j) jµω¯γ5γν∂ρω∂αω¯γ5 6∂ωεµρνα +
− 4iCjµjνjρω¯γµσ∂σω∂ρω¯γ5∂νω +
+ 4iC (j · j) jµω¯γµν∂νω∂ρω¯γ5∂ρω +
− 8iCjµjνjρω¯γµσ∂σω∂ρω¯γ5γνα∂αω +
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+ 4iC (j · j) jµω¯γµν∂νω∂ρω¯γ5γρσ∂σω +
+ 4iCjµj
νjρω¯γ5γ
µσ∂σω∂ν ω¯∂ρω +
− 4iC (j · j) jµω¯γ5γµν∂νω∂ρω¯∂ρω +
+ 8iCjµjνj
ρω¯γ5γ
µσ∂σω∂ρω¯γ
να∂αω +
− 4iC (j · j) jµω¯γ5γµν∂νω∂ρω¯γρσ∂σω , (K.5)
L4 = + 4C
2jµjνjρjσ∂µω¯∂νω ∂ρω¯∂σω+
+ 16C2jµjνjρj
σ∂µω¯∂νω∂σω¯γ
ρλ∂λω+
− 8C2 (j · j) jµjν∂µω¯∂νω∂ρω¯γρσ∂σω+
− 8C2 (j · j) jµjν∂ρω¯∂ρω∂µω¯∂νω+
+ 4C2 (j · j)2 ∂µω¯∂µω∂ν ω¯∂νω+
− 16C2 (j · j) jµjν∂ρω¯∂ρω∂ν ω¯γµσ∂σω+
+ 8C2 (j · j)2 ∂µω¯∂µω∂ρω¯γρσ∂σω+
− 4C2jµjνjρjσ∂µω¯γ5∂νω∂ρω¯γ5∂σω+
− 16C2jµjνjρjσ∂µω¯γ5∂νω∂σω¯γ5γρλ∂λω+
+ 8C2 (j · j) jµjν∂µω¯γ5∂νω∂ρω¯γ5γρσ∂σω+
+ 8C2 (j · j) jµjν∂ρω¯γ5∂ρω∂µω¯γ5∂νω+
− 4C2 (j · j)2 ∂µω¯γ5∂µω∂ν ω¯γ5∂νω+
+ 16C2 (j · j) jµjν∂ρω¯γ5∂ρω∂ν ω¯γ5γµσ∂σω+
− 8C2 (j · j)2 ∂µω¯γ5∂µω∂ν ω¯γ5γνρ∂ρω+
− 4C2 (j · j) jµjν∂µω¯γρ∂σω∂ν ω¯γρ∂σω+
− 4C2jµjνjρjσ∂µω¯γν∂λω∂ρω¯γσ∂λω+
+ 4C2 (j · j) jµjν∂µω¯γρ∂σω∂ν ω¯γσ∂ρω+
+ 12C2jµjνjρjσ∂λω¯γµ∂νω∂ρω¯γσ∂λω+
+ 12C2 (j · j) jµjν∂ρω¯γσ∂µω∂ν ω¯γσ∂ρω+
− 12C2 (j · j) jµjν∂ρω¯γσ∂µω∂ν ω¯γρ∂σω+
− 24C2 (j · j) jµjν∂σω¯γρ∂µω∂ρω¯γν∂σω+
+ 8C2 (j · j) jµjν∂ρω¯γµ∂σω∂ρω¯γσ∂νω+
− 8iC2jµjνjρjσ∂αω¯γµ∂βω∂ρω¯γ5γλ∂νωεσαβλ +
+ 16iC2jµjνjρjσ∂λω¯γµ∂αω∂ρω¯γ5γν∂βωε
σλαβ +
+ 8iC2 (j · j) jµjν∂ρω¯γµ∂σω∂λω¯γ5γα∂λωενρσα +
− 16iC2 (j · j) jµjν∂ρω¯γµ∂σω∂αω¯γ5 6∂ωενρσα +
+ 8C2 (j · j)2 ∂µω¯γν∂ρω∂µω¯γν∂ρω+
− 16C2 (j · j)2 ∂µω¯γν∂ρω∂µω¯γρ∂νω+
+ 8iC2jµjνjρjσ∂λω¯γα∂βω∂ρω¯γ5γµ∂νωε
σλβα +
− 8iC2 (j · j) jµjν∂ρω¯γσ∂λω∂αω¯γ5γµ∂αωενρλσ +
160 Complete Lagrangian
+ 4C2jµjνjρjσ∂ν ω¯γ5γ
λ∂µω∂σω¯γ5γλ∂ρω+
− 8C2jµjνjρjσ∂ν ω¯γ5γµ∂λω∂σω¯γ5γλ∂ρω+
+ 4C2jµjνjρjσ∂ν ω¯γ5γµ∂
λω∂σω¯γ5γρ∂λω+
+ 8C2jµjνjρjσ∂µω¯γ5 6∂ω∂σω¯γ5γν∂ρω+
− 4C2 (j · j) jµjν∂µω¯γ5 6∂ω∂ν ω¯γ5 6∂ω+
− 8C2jµjνjρjσ∂λω¯γ5γµ∂νω∂σω¯γ5γλ∂ρω+
+ 12C2jµjνjρjσ∂λω¯γ5γµ∂νω∂σω¯γ5γρ∂λω+
− 8C2 (j · j) jµjν∂ρω¯γ5γµ∂νω∂ρω¯γ5 6∂ω+
+ 8C2 (j · j) jµjν∂ρω¯γ5γµ∂νω∂σω¯γ5γρ∂σω+
+ 8C2jµjνjρjσ∂µω¯γ5 6∂ω∂σω¯γ5γν∂ρω+
− 12C2 (j · j) jµjν∂µω¯γ5 6∂ω∂ν ω¯γ5 6∂ω+
+ 8C2 (j · j) jµjν∂µω¯γ5 6∂ω∂σω¯γ5γν∂σω+
− 16C2jµjνjρjσ∂λω¯γ5γµ∂λω∂σω¯γ5γν∂ρω+
+ 8C2 (j · j) jµjν∂ρω¯γ5γµ∂ρω∂ν ω¯γ5 6∂ω+
− 8C2 (j · j) jµjν∂µω¯γ5γρ∂νω∂σω¯γ5γρ∂σω+
+ 8C2 (j · j) jµjν∂ρω¯γ5γσ∂ρω∂ν ω¯γ5γµ∂σω+
− 16C2 (j · j)2 ∂µω¯γ5γν∂µω∂ν ω¯γ5 6∂ω+
+ 4C2 (j · j)2 ∂µω¯γ5γν∂µω∂ρω¯γ5γν∂ρω+
+ 16C2 (j · j) jµjν∂σω¯γ5 6∂ω∂ν ω¯γ5γσ∂µω+
− 24C2 (j · j) jµjν∂σω¯γ5 6∂ω∂ν ω¯γ5γµ∂σω+
+ 16C2 (j · j)2 ∂ν ω¯γ5 6∂ω∂ν ω¯γ5 6∂ω+
+ 16C2jµj
νjρj
σ∂ν ω¯γ
µλ∂λω∂σω¯γ
ρα∂αω+
− 16C2 (j · j) jµjν∂ν ω¯γµρ∂ρω∂σω¯γσλ∂λω+
+ 4C2 (j · j)2 ∂µω¯γµν∂νω∂ρω¯γρσ∂σω+
− 16C2jµjνjρjσ∂ν ω¯γ5γµλ∂λω∂σω¯γ5γρα∂αω+
+ 16C2 (j · j) jµjν∂ν ω¯γ5γµρ∂ρω∂σω¯γ5γσλ∂λω+
− 4C2 (j · j)2 ∂µω¯γ5γµν∂νω∂ρω¯γ5γρσ∂σω . (K.6)
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